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Abstract
F o r  s u r f a c e  r e c o n s t r u c t i o n  p r o b l e m s  w i t h  n o i s y  a n d  i n c o m p l e t e  r a n g e  d a t a ,  a  B a y e s i a n  e s t i ­
m a t i o n  a p p r o a c h  c a n  i m p r o v e  t h e  o v e r a l l  q u a l i t y  o f  t h e  s u r f a c e s .  T h e  B a y e s i a n  a p p r o a c h  to  
s u r f a c e  e s t i m a t i o n  r e l i e s  o n  a  l i k e l i h o o d  t e r m ,  w h i c h  t ie s  t h e  s u r f a c e  e s t i m a t e  t o  t h e  i n p u t  
d a t a ,  a n d  t h e  p r i o r ,  w h i c h  e n s u r e s  s u r f a c e  s m o o t h n e s s  o r  c o n t i n u i t y .  T h i s  p a p e r  i n t r o d u c e s  a  
n e w  h i g h - o r d e r ,  n o n l i n e a r  p r i o r  f o r  s u r f a c e  r e c o n s t r u c t i o n .  T h e  p r o p o s e d  p r i o r  c a n  s m o o t h  
c o m p l e x ,  n o i s y  s u r f a c e s ,  w h i l e  p r e s e r v i n g  s h a r p ,  g e o m e t r i c  f e a t u r e s ,  a n d  it is  a  n a t u r a l  
g e n e r a l i z a t i o n  o f  e d g e - p r e s e r v i n g  m e t h o d s  i n  i m a g e  p r o c e s s i n g ,  s u c h  a s  a n i s o t r o p i c  d i f ­
f u s i o n .  T h e  u s e  o f  t h e s e  h i g h e r - o r d e r  s u r f a c e  p r i o r s  r e q u i r e s  s o l v i n g  a  f o u r t h - o r d e r  p a r t ia l  
d i f f e r e n t i a l  e q u a t i o n  ( P D E ) ,  w h i c h  c a n  b e  d i f f i c u l t  w i t h  c o n v e n t i o n a l  n u m e r i c a l  t e c h n i q u e s .  
O u r  s o l u t i o n  is  b a s e d  o n  t h e  o b s e r v a t i o n  t h a t  t h e  g e n e r a l i z a t i o n  o f  i m a g e  p r o c e s s i n g  t o  s u r ­
f a c e s  e n t a i l s  f i l t e r in g  t h e  s u r f a c e  n o r m a l s .  T h i s  a p p r o a c h  a l l o w s  u s  t o  s e p a r a t e  t h e  p r o b l e m  
i n t o  t w o  s e c o n d - o r d e r  P D E s :  o n e  f o r  p r o c e s s i n g  t h e  n o r m a l s  a n d  o n e  f o r  r e f i t t in g  t h e  s u r ­
f a c e .  F u r t h e r m o r e ,  w e  i m p l e m e n t  t h e  a s s o c i a t e d  s u r f a c e  d e f o r m a t i o n s  u s i n g  l e v e l  s e t s ,  a n d  
t h u s  t h e  a l g o r i t h m  c a n  a c c o m m o d a t e  v e r y  c o m p l e x  s h a p e s  w i t h  a r b i t r a r y  a n d  c h a n g i n g  
t o p o l o g i e s .  T h i s  p a p e r  g i v e s  t h e  m a t h e m a t i c a l  f o r m u l a t i o n  a n d  d e s c r i b e s  t h e  n u m e r i c a l  a l ­
g o r i t h m s .  W e  a l s o  p r e s e n t  a  q u a n t i t a t i v e  a n a l y s i s ,  w h i c h  d e m o n s t r a t e s  t h e  e f f e c t i v e n e s s  o f  
t h e  a l g o r i t h m ,  a n d  s h o w  r e s u l t s  u s i n g  r e a l  a n d  s y n t h e t i c  r a n g e  d a t a .
Chapter 1
I n tro d u c tio n
T h i s  p a p e r  a d d r e s s e s  t h e  p r o b l e m  o f  3 D  s u r f a c e  r e c o n s t r u c t i o n  f r o m  m u l t i p l e  r e g i s t e r e d  
r a n g e  i m a g e s .  T h e  i m p o r t a n c e  o f  h i g h - q u a l i t y  s u r f a c e  r e c o n s t r u c t i o n s  f r o m  r a n g e  d a t a  is  
g r o w i n g  a s  r a n g e  m e a s u r e m e n t  t e c h n o l o g i e s  b e c o m e  m o r e  a c c u r a t e  a n d  a f f o r d a b l e .  D e s p i t e  
t h e  i n c r e a s e d  a c c u r a c y  i n  t h e s e  m e a s u r e m e n t  d e v i c e s ,  s i g n i f i c a n t  c h a l l e n g e s  t o  s u r f a c e  r e ­
c o n s t r u c t i o n  r e m a i n .  I n  p a r t i c u l a r ,  s u r f a c e  r e c o n s t r u c t i o n  is  c o m p l i c a t e d  b y  m e a s u r e m e n t  
n o i s e  a n d  v a r i a t i o n s  i n  m e a s u r e m e n t  d e n s i t y .  F o r  i n s t a n c e ,  t h e  m e a s u r e m e n t  d e n s i t y  is  h i g h  
a t  p a r t s  o f  t h e  s u r f a c e  v i s i b l e  t o  m u l t i p l e  i m a g e s .  B y  c o n t r a s t ,  p a r t s  o f  t h e  s u r f a c e  t h a t  a r e  
o c c l u d e d  i n  a ll  o f  t h e  i m a g e s  h a v e  n o  d a t a .
W e  m o d e l  t h e  u n c e r t a i n t i e s  a r i s i n g  f r o m  m e a s u r e m e n t  n o i s e ,  o v e r l a p p i n g  m e a s u r e m e n t s ,  
a n d  o c c l u s i o n  i n  a  B a y e s i a n  f r a m e w o r k ,  w h i c h  f o r m u l a t e s  s u r f a c e  r e c o n s t r u c t i o n  a s  t h e  
m a x i m i z a t i o n  o f  a  p o s t e r i o r  p r o b a b i l i t y  f u n c t i o n .  A c c o r d i n g  t o  B a y e s  r u l e ,  m a x i m u m  a  
p o s t e r i o r i  ( M A P )  e s t i m a t o r s  m a x i m i z e  t h e  p r o d u c t  o f  t w o  d i s t i n c t  p r o b a b i l i t i e s :  t h e  l i k e l i ­
h o o d  o f  t h e  m e a s u r e m e n t  d a t a  c o n d i t i o n e d  o n  t h e  s u r f a c e  m o d e l  a n d  t h e  p r i o r  p r o b a b i l i t y  
d i s t r i b u t i o n  o f  t h e  m o d e l .  W e  r e f e r  t o  t h e s e  t w o  p r o b a b i l i t i e s ,  r e s p e c t i v e l y ,  a s  t h e  l i k e l i ­
h o o d  a n d  t h e  p r i o r .  T h e  m a j o r  c h a l l e n g e  o f  B a y e s i a n  s u r f a c e  r e c o n s t r u c t i o n  is  t h e  d e t e r ­
m i n a t i o n  o f  t h e s e  t w o  q u a n t i t i e s .  T h i s  p a p e r  f o c u s e s  o n  t h e  p r i o r  p r o b a b i l i t y  d i s t r i b u t i o n .  
S p e c i f i c a l l y ,  w e  a t t e m p t  t o  c o r r e c t l y  g e n e r a l i z e  s t a t is t ic a l  i m a g e  r e c o n s t r u c t i o n  s t r a t e g ie s  
[ 1 , 2 , 3 , 4 , 5 ] t o  s u r f a c e  r e c o n s t r u c t i o n ,  a n d  w e  p r o p o s e  h i g h e r - o r d e r  n o n l i n e a r  f e a t u r e -  
p r e s e r v i n g  s u r f a c e  p r i o r s  a s  t h e  s o l u t i o n  to  t h is  p r o b l e m .
I n  p r e v i o u s  w o r k  [6 ] ,  w e  p r o p o s e  t h a t  t h e  n a t u r a l  g e n e r a l i z a t i o n  o f  i m a g e  p r o c e s s i n g  t o  s u r ­
f a c e s  o c c u r s  v i a  t h e  s u r f a c e  n o r m a l  v e c t o r s  a n d  s h o w  r e s u l t s  f o r  p o s t - p r o c e s s i n g  o f  n o i s y  
s u r f a c e s .  F o r  e x a m p l e ,  a  s m o o t h  s u r f a c e  is  o n e  t h a t  h a s  s m o o t h l y  v a r y i n g  n o r m a l s .  I n  
t h i s  p a p e r ,  w e  p r e s e n t  t h e  p r o c e s s i n g  o f  s u r f a c e  n o r m a l s  a s  a  c o m p u t a t i o n a l  s t r a t e g y  f o r
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i m p l e m e n t i n g  h i g h e r - o r d e r  p r i o r s  i n  t h e  c o n t e x t  o f  B a y e s i a n  s u r f a c e  r e c o n s t r u c t i o n .  I n  a  
v a r i a t i o n a l  o p t i m i z a t i o n  f r a m e w o r k ,  p e n a l t y  f u n c t i o n s  o n  t h e  s u r f a c e  n o r m a l s  g i v e  r i s e  to  
f o u r t h - o r d e r  p a r t ia l  d i f f e r e n t i a l  e q u a t i o n s  ( P D E ) .  O u r  s t r a t e g y  is  t o  s o l v e  s u c h  P D E s  w i t h  
a  t w o  s t e p  a p p r o a c h :  ( 1 )  o p e r a t e  o n  t h e  n o r m a l  m a p  o f  a  s u r f a c e ,  a n d  ( 2 )  fit a  s u r f a c e  
t o  t h e  p r o c e s s e d  n o r m a l s  a n d  t h e  r a n g e  d a t a .  I t e r a t i n g  t h i s  t w o - s t e p  p r o c e s s ,  w e  c a n  e f f i ­
c i e n t l y  i m p l e m e n t  f o u r t h - o r d e r  P D E s  b y  s o l v i n g  a  s e t  o f  c o u p l e d  s e c o n d - o r d e r  P D E s .  I n  
t h i s  l i g h t ,  t h e  d i f f e r e n c e s  b e t w e e n  s u r f a c e  p r o c e s s i n g  a n d  i m a g e  p r o c e s s i n g  a r e  t h r e e f o l d .  
N o r m a l s  e x i s t  o n  a  m a n i f o l d  ( t h e  s u r f a c e )  a n d  c a n n o t  b e  p r o c e s s e d  u s i n g  a  flat  m e t r i c ,  a s  is  
t y p i c a l l y  d o n e  w i t h  i m a g e s .  N o r m a l s  a r e  v e c t o r  v a l u e d  a n d  c o n s t r a i n e d  t o  b e  u n i t  l e n g t h ;  
t h e  p r o c e s s i n g  t e c h n i q u e s  m u s t  a c c o m m o d a t e  t h i s .  N o r m a l s  a r e  c o u p l e d  w i t h  t h e  s u r f a c e  
s h a p e ,  t h u s  t h e  n o r m a l s  s h o u l d  d r a g  t h e  s u r f a c e  a l o n g  a s  t h e i r  v a l u e s  a r e  m o d i f i e d  d u r i n g  
p r o c e s s i n g .
T h e  r e m a i n d e r  o f  t h i s  p a p e r  is  o r g a n i z e d  a s  f o l l o w s :  S e c t i o n  2  p r e s e n t s  a  d i s c u s s i o n  o f  
t h e  r e l a t e d  w o r k  i n  t h e  l i t e r a t u r e .  S e c t i o n  3  g i v e s  a  b r i e f  s u m m a r y  o f  B a y e s i a n  i m a g e  
a n d  s u r f a c e  r e c o n s t r u c t i o n  f o r m u l a t i o n s .  I n  S e c t i o n  4 , w e  w i l l  f o r m u l a t e  h i g h e r - o r d e r  f e a ­
t u r e  p r e s e r v i n g  s u r f a c e  e n e r g y  f u n c t i o n s  t h a t  g i v e  r i s e  t o  a  u s e f u l  f a m i l y  o f  p r i o r s ,  a n d  i n  
S e c t i o n  5  w e  w i l l  i n t r o d u c e  a  s t r a t e g y  t o  s o l v e  t h e m .  S e c t i o n  6  w i l l  d e m o n s t r a t e  r e s u l t s  
a n d  c o m p a r e  t h e m  t o  r e s u l t s  f r o m  p r e v i o u s  m e t h o d s ,  a n d  d i s c u s s  s o m e  p r o p e r t i e s  o f  t h e  
p r o p o s e d  a p p r o a c h .  S e c t i o n  7  w i l l  p r e s e n t  c o n c l u s i o n s  a n d  d i r e c t i o n s  f o r  f u t u r e  r e s e a r c h  
p o s s i b i l i t i e s .
Chapter 2
R e la te d  W o r k
S u r f a c e  r e c o n s t r u c t i o n  m e t h o d s  c a n  b e  c l a s s i f i e d  i n t o  h i g h - l e v e l  a n d  l o w - l e v e l  a p p r o a c h e s .  
T h e  h i g h - l e v e l  a p p r o a c h e s  a r e  g e n e r a l l y  f o r m u l a t e d  a s  a  p r o b l e m  o f  f i n d i n g  s e t s  o f  g e o m e t ­
r ic  p r i m i t i v e s  t h a t  b e s t  r e p r e s e n t  t h e  o b j e c t s  b e i n g  m e a s u r e d  [7 , 8 , 9 , 1 0 , 1 1 ] .  H i g h - l e v e l  
d e s c r i p t i o n s  o f  s c e n e s  a r e  u s e f u l  f o r  c e r t a i n  c o m p u t e r  v i s i o n  t a s k s  s u c h  a s  o b j e c t  r e c o g n i ­
t i o n ;  h o w e v e r ,  t h e  c o m p l e x i t y  o f  t h e  s c e n e s  t h a t  c a n  b e  d e s c r i b e d  b y  s i m p l e  p r i m i t i v e s  is  
l i m i t e d .  L o w - l e v e l  m e t h o d s  a r e  b a s e d  o n  e i t h e r  p a r a m e t r i c  m o d e l s  s u c h  a s  s u r f a c e  m e s h e s  
o r  v o l u m e t r i c  m o d e l s  s u c h  a s  l e v e l  s e t s .  T h e  l i t e r a t u r e  d e m o n s t r a t e s  m e t h o d s  f o r  z i p p e r i n g  
t o g e t h e r  m e s h e s  t h a t  d e s c r i b e  d i f f e r e n t  s i d e s  o f  a n  o b j e c t  [ 1 2 ] ,  a n d  f i t t in g  d e f o r m a b l e  m o d ­
e l s  t h a t  e x p a n d  i n s i d e  a  s e q u e n c e  o f  r a n g e  i m a g e s  [ 1 3 ] . T h e s e  a p p r o a c h e s  a r e  s u i t a b l e  f o r  
u s e  w i t h  h i g h  q u a l i t y  r a n g e  i m a g e s  w i t h  r e l a t i v e l y  s m a l l e r  a m o u n t s  o f  n o i s e .  S e v e r a l  a u ­
t h o r s  p r o p o s e  v o l u m e t r i c  m e t h o d s  [ 1 4 , 1 5 , 1 6 , 1 7 , 1 8 ] ,  w h i c h  u s e  t h e  v o l u m e  a s  t h e  m e d i u m  
i n  w h i c h  r a n g e  m e a s u r e m e n t s  a r e  c o m b i n e d ,  a n d  t h e n  e x t r a c t  a  s u r f a c e  f r o m  t h e  v o l u m e  
a f t e r  t h e  d a t a  h a v e  b e e n  f u s e d .  T h e  r e c o n s t r u c t e d  s u r f a c e s  a r e  t h e  z e r o - s e t s ,  o r  i s o s u r f a c e s ,  
o f  s u c h  v o l u m e s .
I n  t h is  p a p e r ,  w e  u s e  t h e  l e v e l  s e t  b a s e d  B a y e s i a n  r a n g e  m a p  r e g i s t r a t i o n  a n d  s u r f a c e  r e ­
c o n s t r u c t i o n  f r a m e w o r k  d e v e l o p e d  b y  W h i t a k e r  e t  a l .  [ 1 7 , 1 9 , 1 8 ] . T h i s  s t r a t e g y  u s e s  
m a x i m u m  l i k e l i h o o d  p a r a m e t e r  e s t i m a t i o n  t o  r e g i s t e r  t h e  v i e w s  b e f o r e  c o m b i n i n g  m u l t i p l e  
r a n g e  i m a g e s  u s i n g  a  l e v e l  s e t  i m p l e m e n t a t i o n  t h a t  c a n  r e p r e s e n t  a n y  s o l i d  o b j e c t ,  r e g a r d ­
l e s s  o f  s h a p e  a n d  t o p o l o g y .  T h e  c o m b i n a t i o n  o f  a  B a y e s i a n  f o r m u l a t i o n  w i t h  l e v e l  s e t  
m e t h o d s  a l l o w s  u s  t o  w o r k  w i t h  c o m p l e x ,  n o i s y  s c e n e s .  T h e  B a y e s i a n  f o r m u l a t i o n  r e q u i r e s  
t h a t  w e  d e t e r m i n e  t h e  l i k e l i h o o d  p r o b a b i l i t y  d e n s i t y  f u n c t i o n ,  w h i c h  d e p e n d s  o n  t h e  r a n g e  
s e n s o r  p r o p e r t i e s ,  a n d  t h e  p r i o r  p r o b a b i l i t y  d e n s i t y  f u n c t i o n ,  w h i c h  m o d e l s  t h e  s p a c e  o f  
t h e  p h y s i c a l  o b j e c t s  b e i n g  m e a s u r e d .  T h e  r o l e  o f  t h e  l i k e l i h o o d  t e r m  is  t o  f o r c e  t h e  f it te d  
m o d e l s  t o  b e  g o o d  r e p r e s e n t a t i o n s  o f  t h e  m e a s u r e d  d a t a .  W h i t a k e r  e t  a l .  d e r i v e  t h e  l i k e l i ­
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h o o d  t e r m  f r o m  a  l i n e - o f - s ig h t  e r r o r  f o r m u l a t i o n ,  w h i c h  is  s h o w n  t o  a c c u r a t e l y  m o d e l  l a s e r  
r a n g e  f i n d e r s  [ 1 7 , 1 8 ] .  T h i s  p a p e r  a d d r e s s e s  t h e  p r i o r  t e r m .  T h e  p r i o r  s e r v e s  t o  e l i m i n a t e  
t h e  m e a s u r e m e n t  n o i s e  a n d  o t h e r  a r t i f a c t s  i n  t h e  f i t te d  m o d e l  b y  f o r c i n g  t h e  it t o  a d h e r e  to  
c e r t a i n  e x p e c t a t i o n s  a b o u t  t h e  a p p l i c a t i o n  d o m a i n  o r  s c e n e .
T h e  u s e  o f  p r i o r s  h a v e  b e e n  e x t e n s i v e l y  i n v e s t i g a t e d  i n  r e l a t e d  w o r k  i n  i m a g e  p r o c e s s i n g .  
F o r  i n s t a n c e ,  M u m f o r d  a n d  S h a h  f o r m u l a t e  t h e  p r o b l e m  o f  i m a g e  s e g m e n t a t i o n  i n  a  v a r i ­
a t i o n a l  f r a m e w o r k  w i t h  a  B a y e s i a n  r a t i o n a l e  [ 1 , 2 ] .  N o r d s t r o m  [ 3 ] r e c o n c i l e s  P e r o n a  &  
M a l i k  ( P & M )  a n i s o t r o p i c  d i f f u s i o n  a p p r o a c h  t o  e d g e  d e t e c t i o n  [ 2 0 ] w i t h  t h e  M u m f o r d -  
S h a h  v a r i a t i o n a l  s t r a t e g y .  O t h e r  a u t h o r s  [ 2 1 , 5 , 2 2 ] a l s o  p r e s e n t  a n  u n i f i e d  v i e w  o f  t h e  
r e c o n s t r u c t i o n ,  n o n - l i n e a r  d i f f u s i o n  a n d  r o b u s t  s t a t is t ic s  a p p r o a c h e s .  A s  w e  w i l l  e x p l a i n  i n  
S e c t i o n  3 . 2 , o u r  m e t h o d  a l l o w s  u s  t o  g e n e r a l i z e  N o r d s t r o m ’ s b i a s e d  a n i s o t r o p i c  d i f f u s i o n  
a p p r o a c h  f o r  i m a g e s  t o  s u r f a c e s  i n  3 D .
I n  c o n t r a s t  t o  t h e  r e s e a r c h  i n  i m a g e  p r o c e s s i n g ,  i n v e s t i g a t i o n  o f  b e t t e r  s u r f a c e  p r i o r s  h a s  n o t  
b e e n  a  m a j o r  f o c u s  i n  p r e v i o u s  s u r f a c e  r e c o n s t r u c t i o n  l i t e r a t u r e .  T h i s  is  p a r t l y  d u e  t o  t h e  
p r e v a l e n t  s t r a t e g y  o f  f i t t in g  s h a p e  p r i m i t i v e s  t o  d a t a  i n  c o m p u t e r  v i s i o n .  P r i m i t i v e s  u s u a l l y  
h a v e  o n l y  a  f e w  s h a p e  p a r a m e t e r s ,  i . e . ,  h e i g h t  a n d  r a d i u s  f o r  a  c y l i n d e r .  T h e y  i m p o s e  t h e i r  
o w n  s t r u c t u r e  o n  t o  t h e  d a t a  a n d  a c t  a s  o u r  p r i o r  b e l i e f  a b o u t  t h e  c o n t e n t s  o f  a  s c e n e ,  a n d  
h e n c e ,  t h e r e  is  n o  n e e d  f o r  a  s e p a r a t e  p r i o r  p r o b a b i l i t y  t e r m  i n  t h e  r e c o n s t r u c t i o n .  L o o s e l y  
s t r u c t u r e d  p a r a m e t r i c  m o d e l s  s u c h  a s  s u r f a c e  m e s h e s ,  a n d  n o n - p a r a m e t r i c  i m p l i c i t  m o d e l s  
s u c h  a s  l e v e l  s e t  s u r f a c e s  o f  v o l u m e s ,  c a n  r e p r e s e n t  c o m p l i c a t e d  s c e n e s ;  h o w e v e r ,  t h e s e  
l o w e r  l e v e l  m o d e l s  d o  n o t  i m p o s e  a  r i g i d  s h a p e  s t r u c t u r e .  T h e r e f o r e ,  p r i o r  p r o b a b i l i t y  t e r m s  
m u s t  b e  i n c l u d e d  i n  s u r f a c e  r e c o n s t r u c t i o n  w i t h  s u c h  m o d e l s  f o r  p u r p o s e s  o f  r e d u c i n g  t h e  
e f f e c t s  o f  n o i s e  a n d  f i l l in g  i n  s u r f a c e s  w h e r e  t h e r e  is  n o  d a t a .
A  s i m p l e  p r i o r  f o r  s u r f a c e  r e c o n s t r u c t i o n  is  t o  p e n a l i z e  s u r f a c e  a r e a  [ 1 7 , 1 9 , 1 8 ] .  A  g r a d i e n t  
d e s c e n t  o n  t h e  s u r f a c e  a r e a  e n e r g y  r e s u l t s  i n  m e a n  c u r v a t u r e  f l o w  ( M C F ) .  H o w e v e r ,  i n  t h e  
c o n t e x t  o f  s u r f a c e  r e c o n s t r u c t i o n ,  M C F  s u f f e r s  f r o m  s e v e r a l  p r o b l e m s  i n c l u d i n g  v o l u m e  
s h r i n k a g e  a n d  e l i m i n a t i o n  o f  s h a r p  f e a t u r e s  ( c r e a s e s ) .  A  g r e a t  d e a l  o f  r e s e a r c h  f o c u s e s  o n  
m o d i f i e d  s e c o n d - o r d e r  f l o w s  t h a t  p r o d u c e  b e t t e r  r e s u l t s  t h a n  M C F .  U s i n g  l e v e l  s e t  m e t h o d s ,  
s e v e r a l  a u t h o r s  h a v e  p r o p o s e d  s m o o t h i n g  s u r f a c e s  b y  w e i g h t e d  c o m b i n a t i o n s  o f  p r i n c i p l e  
c u r v a t u r e s .  F o r  i n s t a n c e ,  W h i t a k e r  [ 2 3 ] p r o p o s e s  a  n o n l i n e a r  r e - w e i g h t i n g  s c h e m e  t h a t  
f a v o r s  t h e  s m a l l e r  c u r v a t u r e  a n d  p r e s e r v e s  c y l i n d r i c a l  s t r u c t u r e s .  F a u g e r a u s  [ 2 4 ] p r o p o s e s  
a  s m o o t h i n g  b y  t h e  m i n i m u m  c u r v a t u r e .
A  s i m i l a r  s e t  o f  c u r v a t u r e - b a s e d  a l g o r i t h m s  h a v e  b e e n  d e v e l o p e d  f o r  s u r f a c e  m e s h e s .  F o r  
i n s t a n c e ,  T a u b i n  [ 2 5 ] p r o p o s e s  a  n o n - s h r i n k i n g  G a u s s i a n  s m o o t h i n g .  C l a r e n z ,  e t  a l .  , 
[ 2 6 ] p r o p o s e  a  m o d i f i e d  M C F  a s  a n  a n i s o t r o p i c  d i f f u s i o n  o f  t h e  s u r f a c e .  T h e y  t h r e s h o l d  
a  w e i g h t e d  s u m  o f  t h e  p r i n c i p l e  c u r v a t u r e s  t o  d e t e r m i n e  t h e  s u r f a c e  l o c a t i o n s  w h e r e  e d g e  
s h a r p e n i n g  is  n e e d e d .  T a n g e n t i a l  d i s p l a c e m e n t  is  a d d e d  t o  t h e  s t a n d a r d  M C F  a t  t h e s e  l o ­
c a t i o n s  f o r  s h a r p e n i n g  t h e  e d g e s .  A n o t h e r  m e s h - b a s e d  m o d i f i e d  M C F  is  p r o p o s e d  i n  [ 2 7 ]  
w h e r e  a  t h r e s h o l d  o n  t h e  m e a n  c u r v a t u r e  is  u s e d  t o  s t o p  o v e r - s m o o t h i n g .  T a u b i n  p r o p o s e s  
a  “ l i n e a r  a n i s o t r o p i c  L a p l a c i a n  o p e r a t o r ”  f o r  m e s h e s  t h a t  is  b a s e d  o n  a  s e p a r a t e  p r o c e s s i n g  
o f  t h e  n o r m a l s  [ 2 8 ] . A l t h o u g h ,  t h e s e  f l o w s  p r o d u c e  r e s u l t s  t h a t  t e n d  t o  p r e s e r v e  s h a r p  f e a ­
t u r e s ,  t h e y  a r e  n o t  a  strict  g e n e r a l i z a t i o n  o f  P & M  a n i s o t r o p i c  d i f f u s i o n  [ 2 0 ] f r o m  i m a g e s  
t o  s u r f a c e s .  B e c a u s e  t h e y  a r e  b a s e d  o n  r e - w e i g h t i n g s  o f  c u r v a t u r e ,  t h e s e  m e t h o d s  a l w a y s  
s m o o t h  t h e  s u r f a c e  i n  o n e  d i r e c t i o n  o r  a n o t h e r .  T h u s ,  t h e y  d o  n o t  e x h i b i t  a  s h a r p e n i n g  o f  
d e t a i l s ,  w h i c h  is  a c h i e v e d  b y  t h e  P & M  e q u a t i o n  ( f o r  i m a g e s )  t h r o u g h  a n  i n v e r s e  d i f f u s i o n  
p r o c e s s .
W e  p r o p o s e  t h a t  t h e  c o r r e c t  g e n e r a l i z a t i o n  o f  P & M  a n i s o t r o p i c  d i f f u s i o n  a n d  r e l a t e d  i m a g e  
p r o c e s s i n g  m e t h o d s  e n t a i l s  t h e  u s e  o f  h i g h e r - o r d e r  n o n l i n e a r  p r i o r s .  F u r t h e r m o r e ,  p e n a l t y  
f u n c t i o n s  o n  t h e  c u r v a t u r e  o f  s u r f a c e s  ( i n s t e a d  o f  a r e a )  c a n  b e  u s e d  t o  g e n e r a t e  a  f a m i l y  
o f  h i g h e r - o r d e r  p r i o r s .  O n e  s u c h  p e n a l t y  f u n c t i o n  is  t o t a l  c u r v a t u r e  w h i c h  is  m i n i m i z e d  b y  
t h e  i n t r i n s i c  L a p l a c i a n  o f  m e a n  c u r v a t u r e  f l o w .  I n  2D ,  C h o p p  &  S e t h i a n  [2 9 ] d e r i v e  t h e  
i n t r i n s i c  L a p l a c i a n  o f  c u r v a t u r e  f o r  a n  i m p l i c i t  c u r v e ,  a n d  s o l v e  t h e  r e s u l t i n g  f o u r t h - o r d e r  
P D E .  I n  r e l a t e d  w o r k s  [ 3 0 , 3 1 ] ,  a p p r o x i m a t i o n s  o f  h i g h e r - o r d e r  g e o m e t r i c  s u r f a c e  f l o w s  
h a v e  b e e n  a p p l i e d  t o  s u r f a c e  f a i r i n g  i n  c o m p u t e r  g r a p h i c s .
B a y e s ia n  re c o n s tr u c t io n
Chapter 3
T h i s  s e c t i o n  p r o v i d e s  a  b r i e f  d i s c u s s i o n  o f  t h e  B a y e s i a n  f o r m u l a t i o n  f o r  t h e  i m a g e / s u r f a c e  
r e c o n s t r u c t i o n  f r a m e w o r k .
3 . 1  S u r f a c e  r e c o n s t r u c t i o n
L e t  5?  a n d  M  b e  a  s u r f a c e  a n d  t h e  c o l l e c t i v e  s e t  o f  m e a s u r e d  d a t a ,  r e s p e c t i v e l y .  W e  w i l l  a s ­
s u m e  t h a t  M  c o n s i s t s  o f  a  s e t  o f  n  r e g i s t e r e d  r a n g e  i m a g e s ,  j  ^ . F o r  a ll  t h e  e x a m p l e s
i n  t h is  p a p e r ,  w e  u s e d  t h e  r e g i s t r a t i o n  m e t h o d s  d e s c r i b e d  i n  [ 1 9 , 1 8 ] .  T h e n ,  t h e  p o s t e r i o r  
p r o b a b i l i t y  o f  g i v e n  t h e  d a t a  is
a i )
w h e r e  P { M \ 5 P )  is  t h e  l i k e l i h o o d  t e r m  a n d  P ( ^ )  is  t h e  p r i o r .  B e c a u s e  t h e  g o a l  is  to  
f i n d  t h e  s u r f a c e  t h a t  m a x i m i z e s  t h e  p o s t e r i o r ,  t h e  d e n o m i n a t o r  P ( M ) , w h i c h  is  a  c o n s t a n t  
n o r m a l i z a t i o n  f a c t o r  t h a t  is  i n d e p e n d e n t  o f  , c a n  b e  d r o p p e d .  T y p i c a l l y ,  M A P  e s t i m a t o r s  
a r e  i m p l e m e n t e d  a s  m i n i m i z a t i o n s  o f  t h e  n e g a t i v e  l o g a r i t h m  o f  t h e  p o s t e r i o r  p r o b a b i l i t y
=  a r g i n f [ — l n P ( M  \ y )  - l n P ( ^ ) ] ,  ( 3 .2 )
y
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U s i n g  t h e  i n d e p e n d e n c e  o f  t h e  r a n g e  i m a g e s ,  t h e  l o g - l i k e l i h o o d  c a n  b e  e x p r e s s e d  a s  a  s u m  
l n P { M \ & )  =  - m j = 1 l n p ( R j  \ & ) .  W h i t a k e r  e t  a l .  [ 1 7 , 1 9 , 1 8 ] f o r m u l a t e  t h e  c o n d i ­
t i o n a l  l i k e l i h o o d  o f  a  r a n g e  i m a g e  a s  a  v o l u m e  i n t e g r a l  o v e r  t h e  o b j e c t  ^  e n c l o s e d  b y  5? .  
I n  t h i s  w a y  t h e  g r a d i e n t  d e s c e n t  f o r  t h e  l o g - l i k e l i h o o d  t e r m  is  e x p r e s s e d  a s  a  f u n c t i o n ,  f  ( x ) , 
w h e r e  x  d e n o t e s  s u r f a c e  l o c a t i o n s  i n  t h e  v o l u m e .  T h e  f u n c t i o n  f  ( x )  p r o v i d e s  a  w e i g h t e d  
s u m  o f  t h e  e f f e c t s  o f  m e a s u r e m e n t s  f r o m  d i f f e r e n t  s c a n s  o n  t h e  p o i n t  x .  C o n s e q u e n t l y ,  t h e  
g r a d i e n t  d e s c e n t  t h a t  m i n i m i z e s  ( 3 .2 )  is  d e s c r i b e d  b y  t h e  s u r f a c e  m o t i o n
d  5^
—  =  ^ f { y ) N ^ 5 p { y ) ,  ( 3 .3 )
w h e r e  8  d e n o t e s  t h e  E u l e r - L a g r a n g e  o p e r a t o r  a n d  N  is  t h e  s u r f a c e  n o r m a l .  N o t i c e  t h a t  t h e  
e f f e c t s  o f  t h e  l i k e l i h o o d  a n d  t h e  p r i o r  t e r m s  o n  t h e  g r a d i e n t  d e s c e n t  a r e  a d d i t i v e ;  h e n c e ,  
t h e y  c a n  b e  a n a l y z e d  s e p a r a t e l y .  T h e  p r i o r s  t h a t  w e  i n t r o d u c e  i n  t h i s  p a p e r  a r e  n o t  p a r ­
t i c u l a r  t o  t h e  r a n g e  d a t a  r e c o n s t r u c t i o n  p r o b l e m ;  t h e y  a r e  s u i t a b l e  f o r  u s e  i n  a n y  B a y e s i a n  
s u r f a c e  r e c o n s t r u c t i o n  p r o b l e m .  F o r  e x a m p l e ,  t h e  r e s u l t s  o f  t h i s  p a p e r  c a n  a l s o  b e  a p p l i e d  
t o  t o m o g r a p h i c a l  s u r f a c e  r e c o n s t r u c t i o n  [ 3 2 ] .
3 . 2  I m a g e  r e c o n s t r u c t i o n
I n  t h i s  s e c t i o n ,  w e  g i v e  a  b r i e f  d i s c u s s i o n  o f  t h e  u s e  o f  p r i o r s  i n  i m a g e  r e c o n s t r u c t i o n  
a n d  t h e i r  r e l a t i o n s h i p  t o  P & M  a n i s o t r o p i c  d i f f u s i o n .  M u m f o r d  a n d  S h a h  [ 1 , 2 ] p r o p o s e  a n  
e n e r g y  m i n i m i z a t i o n  a p p r o a c h  f o r  i m a g e  r e c o n s t r u c t i o n / s e g m e n t a t i o n .  T h e  M u m f o r d - S h a h  
e n e r g y  is  t h e  s u m  o f  t h r e e  t e r m s :  ( i )  t h e  q u a d r a t i c  d a t a - m o d e l  d i s c r e p a n c y ,  ( i i )  a  q u a d r a t i c  
p e n a l t y  o n  t h e  v a r i a t i o n  o f  t h e  p i e c e w i s e  s m o o t h  m o d e l  o v e r  t h e  i m a g e  d o m a i n  e x c e p t  o n  a  
s e t  o f  d i s c o n t i n u i t i e s  w h i c h  a r e  m o d e l e d  b y  a  s e p a r a t e  b i n a r y  m o d e l ,  a n d  ( i i i )  t h e  l e n g t h  o f  
t h e  d i s c o n t i n u i t i e s .  T h e  first  t e r m  is  t h e  d a t a  l i k e l i h o o d  t e r m ,  a n d  t h e  la t t e r  t w o  t e r m s  a c t  
a s  t h e  p r i o r  i n  t h i s  e n e r g y .  T h i s  m i n i m i z a t i o n  p r o b l e m  is  d i f f i c u l t  t o  s o l v e  b e c a u s e  o f  t h e  
d e p e n d e n c e  o n  b i n a r y  f u n c t i o n s .
N o r d s t r o m  [ 3 ] r e c o n c i l e d  t h e  M u m f o r d - S h a h  e n e r g y  m i n i m i z a t i o n  a p p r o a c h  w i t h  t h e  P & M  
a n i s o t r o p i c  d i f f u s i o n  a p p r o a c h  t o  e d g e  d e t e c t i o n  [ 2 0 ] .  T h i s  c o n n e c t i o n  c a n  b e  s e e n  b y  
l o o k i n g  a t  P & M  d i f f u s i o n  f r o m  a  v a r i a t i o n a l  p e r s p e c t i v e .  T h e  P & M  d i f f u s i o n  P D E  is  t h e  
g r a d i e n t  d e s c e n t  d e r i v e d  b y  t h e  first  v a r i a t i o n  o f
J  G ( | |  V l | | 2 )  d x d y ,  ( 3 .4 )
w h e r e  U  is  t h e  i m a g e  d o m a i n .  I n  its o r i g i n a l  f o r m ,  P & M  d i f f u s i o n  w a s  i n t r o d u c e d  t o  r e p l a c e  
L a p l a c i a n  s m o o t h i n g ,  w h i c h  is  e q u i v a l e n t  t o  t h e  s o l u t i o n  o f  t h e  h e a t  e q u a t i o n  d l j d t  =
V • V I , with a nonlinear PDE
w h e r e  I  is  t h e  g r e y - l e v e l  i m a g e  a n d  g , t h e  d e r i v a t i v e  o f  G  w i t h  r e s p e c t  t o  V I  2 , is  t h e  
e d g e  s t o p p i n g  f u n c t i o n .  P e r o n a  &  M a l i k  s u g g e s t e d  u s i n g  =  e _ llV I H / 2 l , w h e r e  j l  is  
a  p o s i t i v e ,  f r e e  p a r a m e t e r  t h a t  c o n t r o l s  t h e  l e v e l  o f  c o n t r a s t  o f  e d g e s  t h a t  c a n  a f f e c t  t h e  
s m o o t h i n g  p r o c e s s .  N o t i c e  t h a t  g  V I  2  a p p r o a c h e s  1 f o r  V I  l  a n d  0  f o r  V I
l . E d g e s  a r e  g e n e r a l l y  a s s o c i a t e d  w i t h  l a r g e  i m a g e  g r a d i e n t s ,  a n d  t h u s  d i f f u s i o n  a c r o s s  
e d g e s  is  s t o p p e d  w h i l e  r e l a t i v e l y  flat  r e g i o n s  u n d e r g o  s m o o t h i n g .  A  m a t h e m a t i c a l  a n a l y s i s  
s h o w s  t h a t  s o l u t i o n s  t o  ( 3 . 5 )  c a n  a c t u a l l y  e x h i b i t  a n  i n v e r s e  d i f f u s i o n  n e a r  e d g e s ,  a n d  c a n  
e n h a n c e  o r  s h a r p e n  s m o o t h  e d g e s  t h a t  h a v e  g r a d i e n t s  g r e a t e r  t h a n  i  [ 3 3 ] .  T h e s e  p r o p e r t i e s  
m a k e  P & M  d i f f u s i o n  a  g o o d  c a n d i d a t e  f o r  e d g e  d e t e c t i o n .
N o r d s t r u m ’ s b i a s e d  a n i s o t r o p i c  d i f f u s i o n  c o n v e r t s  t h e  v a r i a t i o n a l  f o r m  o f  a n i s o t r o p i c  d i f ­
f u s i o n  t o  a  r e c o n s t r u c t i o n  e n e r g y  b y  a d d i n g  a  d a t a  t e r m  t o  ( 3 .4 ) .  T h i s  y i e l d s  t h e  v a r i a t i o n a l  
e n e r g y
J  [ ( I o - I )2 +  G ( | |  V I | | 2 ) ]  d x d y , ( 3 . 6 )
w h e r e  I o  is  t h e  i n p u t  i m a g e .  T h e  n o n - l i n e a r  a n i s o t r o p i c  p e n a l t y  o n  t h e  v a r i a t i o n  o f  t h e  
m o d e l ,  G ( | |  V I  ||2 ) ,  a c t s  a s  t h e  p r i o r .  T h i s  p e n a l t y  t e r m  is  p r a c t i c a l l y  e q u i v a l e n t  t o  t h e  
s u m  o f  t h e  q u a d r a t i c  m o d e l  v a r i a t i o n  a n d  t h e  l i n e a r  l e n g t h  o f  d i s c o n t i n u i t i e s  t e r m s  i n  t h e  
M u m f o r d - S h a h  f o r m u l a t i o n .  H e n c e ,  w i t h  t h e  a d d i t i o n  o f  t h e  d a t a - m o d e l  d i s c r e p a n c y  t e r m  
P & M  d i f f u s i o n  is  t r a n s f o r m e d  i n t o  a  v a r i a t i o n a l  f r a m e w o r k  w i t h o u t  t h e  n e e d  f o r  a n  e x p l i c i t  
b i n a r y  i m a g e  f o r  m o d e l i n g  t h e  d i s c o n t i n u i t i e s .  T h i s  is  a n  i m p o r t a n t  p r a c t i c a l  a d v a n t a g e  
o v e r  m i n i m i z i n g  t h e  M u m f o r d - S h a h  e n e r g y .  I n  t h i s  p a p e r ,  w e  u s e  e n e r g i e s  o f  t h e  s a m e  
f o r m  a s  N o r d s t r u m ’ s b i a s e d  a n i s o t r o p i c  d i f f u s i o n .
d I f  dt  =  V • [411 V I I |2) V I ] ,  (3.5)
Chapter 4
G e o m e tr ic  s u r f a c e  p r io r s
U s i n g  t h e  G i b b s  d i s t r i b u t i o n ,  p r o b a b i l i t y  d i s t r i b u t i o n s  f o r  p r i o r s  a r e  c o m m o n l y  e x p r e s s e d  
i n  t e r m s  o f  e n e r g y  f u n c t i o n s .  L e t  E  b e  a  f u n c t i o n  t h a t  m a p s  s u r f a c e s  t o  s c a l a r  e n e r g y  
v a l u e s .  T h e n  t h e  p r i o r  c a n  b e  c o n s t r u c t e d  a s
p ( y )  =  ( 4 . 1 )
w h e r e  a  is  a  p a r a m e t e r  t h a t  c o n t r o l s  t h e  s h a r p n e s s  o f  t h e  d i s t r i b u t i o n  a n d  Z  is  a  n o r m a l i z i n g  
c o n s t a n t  w h i c h  e n s u r e s  t h a t  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  i n t e g r a t e s  t o  u n i t y  [ 3 4 ] . 
A c c o r d i n g  t o  ( 4 . 1 )  s u r f a c e s  w i t h  l o w e r  e n e r g y  s t a t e s  h a v e  a  h i g h e r  p r o b a b i l i t y  o f  o c c u r r i n g .  
G e i g e r  a n d  Y u i l l e  [3 4 ] o b s e r v e  t h a t  t h e  p a r a m e t e r  a  r e f l e c t s  t h e  s t r e n g t h  o f  o u r  b e l i e f  i n  t h e  
p r i o r .  A l l  s u r f a c e s  a r e  e q u a l l y  l i k e l y  w h e n  a  =  0 ; w h e r e a s ,  f o r  a  — >• ^  o n l y  t h o s e  s u r f a c e s  
w i t h  t h e  l o w e s t  p o s s i b l e  e n e r g y  h a v e  n o n - z e r o  p r o b a b i l i t i e s  o f  o c c u r r e n c e .  S u b s t i t u t i n g  t h e  
G i b b s  p r i o r  ( 4 . 1 )  f o r  t h e  p r i o r  t e r m  i n  ( 3 . 3 )  g i v e s
^5  InP(y) =  -Sln^g-0^ )  =  -8 - aE(y)^j = abE{,9) (4.2)
w h e r e  a  n o w  a p p e a r s  a s  a  r e l a t i v e  w e i g h t  o n  t h e  s u r f a c e  e n e r g y  t e r m  i n  ( 3 . 3 )  w i t h  r e s p e c t  
t o  t h e  l o g - l i k e l i h o o d  t e r m .  B e c a u s e  t h e  g r a d i e n t  d e s c e n t  o f  t h e  n e g a t i v e  l o g a r i t h m  o f  t h e  
p r i o r  is  t h e  E u l e r - L a g r a n g e  o f  t h e  e n e r g y  f u n c t i o n  E ( ^ ) ,  t h e  r e s t  o f  t h i s  p a p e r  is  c o n c e r n e d  
w i t h  c o n s t r u c t i n g  a n d  s o l v i n g  h i g h e r - o r d e r  f e a t u r e  p r e s e r v i n g  e n e r g y  f u n c t i o n s  t h a t  m o d e l  
r e a l  s u r f a c e s  b e t t e r  t h a n  p r e v i o u s  e n e r g y  f u n c t i o n s  u s e d  i n  t h e  l i t e r a t u r e .
S u r f a c e  a r e a  is  a  c o m m o n l y  u s e d  s u r f a c e  p r i o r  e n e r g y  b a s e d  o n  t h e  u n d e r l y i n g  a s s u m p t i o n  
t h a t  a m o n g s t  s u r f a c e s  t h a t  r e p r e s e n t  a  d a t a  s e t  e q u a l l y  w e l l ,  t h o s e  t h a t  h a v e  s m a l l e r  a r e a  
a r e  s i m p l e r  t h a n  s u r f a c e s  o f  l a r g e r  a r e a ,  a n d  t h e r e f o r e  h a v e  a  h i g h e r  c h a n c e  o f  o c c u r r e n c e
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i n  t h e  p h y s i c a l  w o r l d .  A  g r a d i e n t  d e s c e n t  o n  s u r f a c e  a r e a  g i v e s  t h e  m e a n  c u r v a t u r e  f l o w  
P D E  [ 3 3 ]
w h e r e  k 1 , k 2 a r e  t h e  p r i n c i p a l  c u r v a t u r e s  a n d  H  is  t h e  m e a n  c u r v a t u r e  o f  t h e  s u r f a c e  ,5? ,  
a n d  N  is  t h e  s u r f a c e  n o r m a l .  D e s p i t e  t h e  s i m p l i c i t y  o f  its s o l u t i o n ,  s u r f a c e  a r e a  is  n o t  a  
r e a l is t i c  s h a p e  p r i o r .  P r o b l e m s  w i t h  t h is  a p p r o a c h  w i l l  b e  d e m o n s t r a t e d  i n  S e c t i o n  6 . T o  
s u c c e s s f u l l y  m o d e l  t h e  s m o o t h n e s s  c o n s t r a i n t s  o n  r e a l is t i c  s u r f a c e s ,  a  g e n e r a l ,  h i g h e r - o r d e r  
a n d  n o n - l i n e a r  p r i o r  is  n e e d e d .
A  s e c o n d - o r d e r  e n e r g y  f u n c t i o n  is  t o t a l  c u r v a t u r e ,
w h i c h  h a s  b e e n  s h o w n  t o  d e f o r m  s u r f a c e s  i n t o  s p h e r e s  w h e n  m i n i m i z e d  [ 3 5 ] .  C h o p p  &  
S e t h i a n  [ 2 9 ] d e r i v e d  t h e  i n t r i n s i c  L a p l a c i a n  o f  c u r v a t u r e  f l o w  w h i c h  m i n i m i z e s  t h e  t o t a l  
c u r v a t u r e  f o r  a  l e v e l  s e t  c u r v e ,  a n d  s o l v e  t h e  r e s u l t i n g  f o u r t h - o r d e r  n o n l i n e a r  P D E .  H o w ­
e v e r ,  t h e y  a r g u e  t h a t  t h e  n u m e r i c a l  m e t h o d s  u s e d  t o  s o l v e  f o u r t h - o r d e r  f l o w s  a r e  n o t  p r a c ­
t ic a l ,  b e c a u s e  t h e y  l a c k  l o n g  t e r m  s t a b i l i t y .  T h e y  p r o p o s e  s e v e r a l  n e w  n u m e r i c a l  s c h e m e s ,  
b u t  n o n e  a r e  f o u n d  t o  b e  c o m p l e t e l y  s a t i s f a c t o r y  d u e  t o  t h e i r  s l o w  c o m p u t a t i o n  a n d  i n a b i l i t y  
t o  h a n d l e  s i n g u l a r i t i e s .  T o t a l  c u r v a t u r e  f o r  l e v e l  s e t  s u r f a c e s  ( 4 .4 ) ,  w h i c h  is  m i n i m i z e d  b y  
t h e  i n t r i n s i c  L a p l a c i a n  o f  m e a n  c u r v a t u r e  f l o w ,  is  a n  e v e n  h a r d e r  p r o b l e m .
A  m o r e  g e n e r a l  e n e r g y  f u n c t i o n ,  w h i c h  w e  s e t  o u t  t o  s o l v e  i n  t h i s  p a p e r ,  is
w h e r e  G  is  a  g e n e r a l  n o n - l i n e a r  f u n c t i o n  o f  c u r v a t u r e .  T h i s  g e n e r a l  s e c o n d - o r d e r  e n e r g y  is  
b a s e d  o n  f u n c t i o n s  o f  t o t a l  c u r v a t u r e  w h i c h  i n c l u d e  ( 4 .4 )  a n d  t h e  g e n e r a l i z a t i o n  o f  N o r d ­
s t r o m ’ s b i a s e d  a n  i s o t r o p i c  d i f f u s i o n  ( 3 . 6 )  t o  s u r f a c e s .  M i n i m i z i n g  t h is  g e n e r a l  e n e r g y  f o r m  
t o g e t h e r  w i t h  t h e  d a t a  l i k e l i h o o d  t e r m  w i l l  r e q u i r e  s o l v i n g  f o u r t h - o r d e r  s u r f a c e  P D E s .
( 4 .3 )
( 4 .4 )
( 4 .5 )
A  sp littin g  s t r a te g y  f o r  h ig h e r -o r d e r  
p r io r s
Chapter 5
I n  t h i s  s e c t i o n ,  w e  i n t r o d u c e  a  m e t h o d  f o r  s o l v i n g  g e n e r a l  f o u r t h - o r d e r  s u r f a c e  P D E s ,  s u c h  
a s  t h e  i n t r i n s i c  L a p l a c i a n  o f  m e a n  c u r v a t u r e  f l o w ,  b y  b r e a k i n g  t h e m  i n t o  t w o  s e c o n d - o r d e r  
P D E s  u s i n g  t h e  s u r f a c e  n o r m a l s .  A  s t a b l e  a n d  e f f i c i e n t  n u m e r i c a l  s o l u t i o n  t o  t h i s  f l o w  is  
a l s o  k e y  t o  t h e  s o l u t i o n  o f  t h e  m o r e  g e n e r a l  e n e r g y  f o r m  g i v e n  b y  ( 4 . 5 ) .  A  t w o - s t e p  s o l u t i o n  
t o  i n t r i n s i c  L a p l a c i a n  o f  m e a n  c u r v a t u r e  f l o w  f o r  m e s h e s  is  p r o p o s e d  b y  [ 3 1 ] . H o w e v e r ,  t h a t  
a p p r o a c h  w o r k s  o n l y  f o r  m e s h e s ,  a n d  r e l i e s  o n  a n a l y t i c  p r o p e r t i e s  o f  t h e  s t e a d y - s t a t e  s o l u ­
t i o n s ,  A H  =  0 , b y  f i t t in g  s u r f a c e  p r i m i t i v e s  t h a t  h a v e  t h o s e  p r o p e r t i e s .  T h u s ,  t h e  f o r m a l i s m  
d o e s  n o t  g e n e r a l i z e  t o  a p p l i c a t i o n s ,  s u c h  a s  s u r f a c e  r e c o n s t r u c t i o n ,  w h e r e  t h e  s o l u t i o n  is  a  
c o m b i n a t i o n  o f  m e a s u r e d  d a t a  a n d  t h e  t o t a l  c u r v a t u r e  t e r m  a n d  m i g h t  n o t  s a t i s f y  A H  =  0 .
A n o t h e r  e x a m p l e  o f  a  s p l i t t i n g  s t r a t e g y  c a n  b e  f o u n d  i n  [ 3 6 ] ,  w h e r e  t h e  a u t h o r s  p e n a l i z e  t h e  
s m o o t h n e s s  o f  a  v e c t o r  f i e l d  w h i l e  s i m u l t a n e o u s l y  f o r c i n g  t h e  g r a d i e n t  d i r e c t i o n s  o f  a  g r a y  
s c a l e  i m a g e  t o  c l o s e l y  m a t c h  t h e  v e c t o r  f i e l d .  T h e  p e n a l t y  f u n c t i o n  o n  t h e  n o r m a l  f i e l d  is  
p r o p o r t i o n a l  t o  t h e  d i v e r g e n c e  o f  t h e  n o r m a l  v e c t o r s .  T h i s  f o r m s  a  h i g h - o r d e r  i n t e r p o l a t i o n  
f u n c t i o n ,  w h i c h  is  s h o w n  t o  b e  u s e f u l  f o r  i m a g e  i n p a i n t i n g — r e c o v e r i n g  m i s s i n g  p a t c h e s  o f  
d a t a  i n  2 D  i m a g e s .  T h e  s t r a t e g y  o f  s i m u l t a n e o u s l y  p e n a l i z i n g  t h e  d i v e r g e n c e  o f  a  n o r m a l  
f i e l d ,  a n d  t h e  m i s m a t c h  o f  t h i s  f i e l d  w i t h  t h e  i m a g e  g r a d i e n t ,  is  r e l a t e d  t o  t h e  o u r  s p l i t t in g  
s t r a t e g y .  H o w e v e r ,  o u r  f o r m u l a t i o n  e m p h a s i z e s  t h e  p r o c e s s i n g  o f  n o r m a l s  o n  a n  a r b i t r a r y  
s u r f a c e  m a n i f o l d  ( r a t h e r  t h a n  t h e  flat  g e o m e t r y  o f  a n  i m a g e ) ,  w i t h  a n  e x p l i c i t  r e l a t i o n s h i p  to  
f o u r t h - o r d e r  s u r f a c e  f l o w s .  F u r t h e r m o r e ,  t h i s  p a p e r  e s t a b l i s h e s  n e w  d i r e c t i o n s  f o r  s u r f a c e  
f l o w s —  t o w a r d  e d g e - p r e s e r v i n g  s u r f a c e  r e c o n s t r u c t i o n .  T h e  p r o p o s e d  t w o - s t e p  s o l u t i o n  
a l l o w s  t h e  s u r f a c e  s h a p e  to  l a g  t h e  n o r m a l s  a s  t h e y  a r e  f i l t e r e d  a n d  t h e n  r e f i t t e d  b y  a  s e p a r a t e  
p r o c e s s .  F i g u r e  5 . 1  s h o w s  t h is  t h r e e  s t e p  p r o c e s s  g r a p h i c a l l y  i n  2 D — s h a p e s  g i v e  r i s e  to
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F i g u r e  5 . 1 : S h o w n  h e r e  i n  2 D ,  t h e  s u r f a c e  f l o w  p r o c e s s  b e g i n s  w i t h  a  s h a p e  a n d  c o n s t r u c t s  
a  n o r m a l  m a p  f r o m  t h e  d i s t a n c e  t r a n s f o r m  ( l e f t ) ,  m o d i f i e s  t h e  n o r m a l  m a p  a c c o r d i n g  to  
a  P D E  d e r i v e d  f r o m  a  p e n a l t y  f u n c t i o n  ( c e n t e r ) ,  a n d  re- fits t h e  s h a p e  t o  t h e  n o r m a l  m a p  
( r i g h t ) .
n o r m a l  m a p s ,  w h i c h ,  w h e n  f i l t e r e d ,  g i v e  r i s e  t o  n e w  s h a p e s .
5 . 1  N o t a t i o n
T o  f a c i l i t a t e  t h e  d i s c u s s i o n ,  w e  u s e  t h e  E i n s t e i n  n o t a t i o n  c o n v e n t i o n ,  w h e r e  t h e  s u b s c r i p t s  
i n d i c a t e  t e n s o r  i n d e x e s ,  a n d  r e p e a t e d  s u b s c r i p t s  w i t h i n  a  p r o d u c t  r e p r e s e n t  a  s u m m a t i o n  
o v e r  t h e  i n d e x  ( a c r o s s  t h e  d i m e n s i o n s  o f  t h e  u n d e r l y i n g  s p a c e ) .  F u r t h e r m o r e ,  w e  u s e  t h e  
c o n v e n t i o n  t h a t  s u b s c r i p t s  o n  q u a n t i t i e s  r e p r e s e n t  d e r i v a t i v e s ,  e x c e p t  w h e r e  t h e y  a r e  i n  
p a r e n t h e s i s ,  i n  w h i c h  c a s e  t h e y  r e f e r  t o  a  v e c t o r - v a l u e d  v a r i a b l e .  T h u s ,  0 t is  t h e  g r a d i e n t  
v e c t o r  o f  a  s c a l a r  q u a n t i t y  0  : I R n  i->- I R .  T h e  H e s s i a n  is  0 j , a n d  t h e  L a p l a c i a n  is  0U. A  v e c t o r  
f i e l d  is  v ^ , w h e r e  v  : I R n  n -  I R n , a n d  t h e  d i v e r g e n c e  o f  t h a t  f i e l d  is  v ^ . .  S c a l a r  o p e r a t o r s
b e h a v e  i n  t h e  u s u a l  w a y .  T h u s ,  g r a d i e n t  m a g n i t u d e  is  § l =  y / f y f y  a n d  t h e  d i f f e r e n t i a l  f o r  
a  c o o r d i n a t e  s y s t e m  is  d x ^ =  d x 1d x 2 . . .  d x n .
L e v e l  s e t  s u r f a c e  m o d e l s  r e l y  o n  t h e  n o t i o n  o f  a  r e g u l a r  s u r f a c e ,  a  c o l l e c t i o n  o f  3 D  p o i n t s  
w i t h  a  t o p o l o g y  t h a t  a l l o w s  e a c h  p o i n t  t o  b e  m o d e l e d  l o c a l l y  a s  a  f u n c t i o n  o f  t w o  v a r i a b l e s .  
W e  c a n  d e s c r i b e  t h e  d e f o r m a t i o n  o f  s u c h  a  s u r f a c e  u s i n g  t h e  3 D  v e l o c i t y  o f  e a c h  o f  its 
c o n s t i t u e n t  p o i n t s ,  i . e . ,  d s ^ { t )  j d t  f o r  a l l  s ^ E  S ? . I f  w e  r e p r e s e n t  t h e  s u r f a c e  i m p l i c i t l y  at  
e a c h  t i m e  t , t h e n
■ y = { s w ( ‘ )  i * ( s M « . ' ) = < > } •  ( 5 . 1 )
S u r f a c e s  d e f i n e d  i n  t h i s  w a y  d i v i d e  a  v o l u m e  i n t o  t w o  p a r t s :  i n s i d e  ( 0  >  0 )  a n d  o u t s i d e  ( 0  <  
0 ) .  I t  is  c o m m o n  t o  c h o o s e  0  t o  b e  t h e  s i g n e d  d i s t a n c e  t r a n s f o r m  o f  y ,  o r  a n  a p p r o x i m a t i o n
thereof.
T h e  s u r f a c e  r e m a i n s  a  l e v e l  s e t  o f  (  o v e r  t i m e ,  a n d  t h u s  t a k i n g  t h e  t o t a l  d e r i v a t i v e  w i t h  
r e s p e c t  t o  t i m e  ( u s i n g  t h e  c h a i n  r u l e )  g i v e s
f  =  ( 5 2 )
T h e  g r a d i e n t  ( j  is  p r o p o r t i o n a l  t o  t h e  s u r f a c e  n o r m a l .  T h u s  d s .  j d t  a f f e c t s  (  o n l y  i n  t h e  
d i r e c t i o n  o f  t h e  s u r f a c e  n o r m a l —  m o t i o n  i n  a n y  o t h e r  d i r e c t i o n  is  m e r e l y  a  c h a n g e  i n  t h e  
p a r a m e t e r i z a t i o n .
5 . 2  C u r v a t u r e  f r o m  n o r m a l  m a p s
W h e n  u s i n g  i m p l i c i t  r e p r e s e n t a t i o n s  o n e  m u s t  a c c o u n t  f o r  t h e  f a c t  t h a t  d e r i v a t i v e s  o f  f u n c ­
t i o n s  d e f i n e d  o n  t h e  s u r f a c e  a r e  c o m p u t e d  b y  p r o j e c t i n g  t h e i r  3 D  d e r i v a t i v e s  o n t o  t h e  
s u r f a c e  t a n g e n t  p l a n e .  L e t  N ^  : I R 3  — >• S 3  b e  t h e  n o r m a l  m a p ,  w h i c h  is  a  f i e l d  o f  n o r ­
m a l s  t h a t  a r e  e v e r y w h e r e  p e r p e n d i c u l a r  t o  t h e  f a m i l y  o f  e m b e d d e d  i s o s u r f a c e s  o f  (  —  
t h u s  (/)/,. T h e  3 x 3  p r o j e c t i o n  m a t r i x  f o r  t h e  i m p l i c i t  s u r f a c e  n o r m a l  is
P ( i j ) =  N o N j ) , a n d  P ( i j ) V ( i )  r e t u r n s  t h e  p r o j e c t i o n  o f  o n t o  N ^ . L e t  l j  b e  t h e  i d e n t i t y  
m a t r i x .  T h e n  t h e  p r o j e c t i o n  o n t o  t h e  p l a n e  t h a t  is  p e r p e n d i c u l a r  t o  t h e  v e c t o r  f i e l d  N  i  is  t h e  
t a n g e n t  p r o j e c t i o n  o p e r a t o r ,  T j =  I j — P j . U n d e r  t y p i c a l  c i r c u m s t a n c e s ,  t h e  n o r m a l  
m a p  N ^  is  d e r i v e d  f r o m  t h e  g r a d i e n t  o f  ( ,  a n d  T J  p r o j e c t s  v e c t o r s  o n t o  t h e  t a n g e n t  p l a n e s  
o f  t h e  l e v e l  s e t s  o f  ( .  H o w e v e r ,  t h e  c o m p u t a t i o n a l  s t r a t e g y  w e  p r o p o s e  a l l o w s  (  t o  l a g  t h e
n o r m a l  m a p .  T h e r e f o r e ,  t h e  t a n g e n t  p r o j e c t i o n  o p e r a t o r s  d i f f e r ,  a n d  w e  u s e  T (  t o  d e n o t e
i j
p r o j e c t i o n s  o n t o  t h e  t a n g e n t  p l a n e s  o f  t h e  l e v e l  s e t s  o f  (  a n d  t N ., t o  d e n o t e  p r o j e c t i o n s  o n t o
p l a n e s  p e r p e n d i c u l a r  t o  t h e  n o r m a l  m a p .
T h e  s h a p e  m a t r i x  [3 7 ] o f  a  s u r f a c e  d e s c r i b e s  its c u r v a t u r e  i n d e p e n d e n t  o f  t h e  p a r a m e t e r i z a ­
t i o n .  F o r  a n  i m p l i c i t  s u r f a c e ,  it is  o b t a i n e d  b y  d i f f e r e n t i a t i n g  t h e  n o r m a l  m a p  a n d  p r o j e c t i n g  
t h e  d e r i v a t i v e  o n t o  t h e  s u r f a c e  t a n g e n t  p l a n e .  T h e  n o r m  o f  t h e  s h a p e  m a t r i x  is  t h e  s u m  o f  
s q u a r e d  p r i n c i p a l  c u r v a t u r e s
K
I f  N ^  is  d e r i v e d  d i r e c t l y  f r o m  ( ,  t h i s  g i v e s
( 5 .3 )
K2
Tm  j % (5.4)
2
W e  n o w  e x p r e s s  t h e  g e n e r a l  s u r f a c e  e n e r g y  f u n c t i o n  i n t r o d u c e d  i n  ( 4 . 5 )  i n  t e r m s  o f  t h e  
n o r m a l s  o f  t h e  s u r f a c e
( 5 .5 )£ # ( k 2 ) =  /  G (  K 2 )  d x , .N .
1 ?  ' •
I f  w e  t a k e  t h e  first  v a r i a t i o n  o f  ( 5 . 5 )  w i t h  r e s p e c t  t o  0  u s i n g  ( 5 .4 )  f o r  t o t a l  c u r v a t u r e ,  w e  
o b t a i n  a  f o u r t h - o r d e r  P D E  o n  0 . O n  t h e  o t h e r  h a n d ,  i f  w e  u s e  ( 5 .3 )  f o r  t o t a l  c u r v a t u r e  a n d  
t a k e  t h e  first  v a r i a t i o n  o f  ( 5 . 5 )  w i t h  r e s p e c t  t o  N ^ , a l l o w i n g  0  t o  r e m a i n  f i x e d ,  w e  o b t a i n  a  
s e c o n d - o r d e r  P D E  o n  N ^ . T h i s  p a p e r  u s e s  t h e  la t t e r  s t r a t e g y .
A s  w e  p r o c e s s  t h e  n o r m a l  m a p  N ^ , l e t t i n g  0  l a g ,  w e  m u s t  e n s u r e  t h a t  it m a i n t a i n s  t h e  u n i t  
l e n g t h  c o n s t r a i n t ,  N ^ N ^  =  1 . T h i s  is  e x p r e s s e d  i n  t h e  p e n a l t y  f u n c t i o n  u s i n g  L a g r a n g e  
m u l t i p l i e r s .  T h e  c o n s t r a i n e d  p e n a l t y  f u n c t i o n  is
(O’
( 5 .6 )
w h e r e  A  ( x ^ )  is  t h e  L a g r a n g e  m u l t i p l i e r  a t  x ^ . T h e  n e x t  s t e p  is  t o  d e r i v e  t h e  first  v a r i a t i o n .  
T h e  c u r v a t u r e  ( 5 . 3 )  c a n  b e  w r i t t e n  a s
K 2
N f , . 
( O j
N ( O 0
0 k 0 k
( 5 .7 )
U s i n g  ( 5 . 7 )  a n d  s o l v i n g  f o r  A  i n  ( 5 . 6 )  i n t r o d u c e s  a  p r o j e c t i o n  o p e r a t o r  T j  o n  t h e  first 
v a r i a t i o n  o f  , w h i c h  k e e p s  N  . u n i t  l e n g t h .  T h e  t h e  first  v a r i a t i o n  o f  ( 5 .6 )  w i t h  r e s p e c t  to
N  . is
t N
l“ ) d N U)
N  
2  T (i j )
N ( j ) l 0 l 0 k
( 5 . 8 )
w h e r e  g  is  t h e  d e r i v a t i v e  o f  G  w i t h  r e s p e c t  t o  K 2 . A  g r a d i e n t  d e s c e n t  o n  t h is  m e t r i c  
d N ^  j d t  =  ^ T j d & / d N . , r e s u l t s  i n  a  P D E  t h a t  m i n i m i z e s  ( 5 . 5 ) .  T h e  p r o c e s s  o f  p r o j e c t ­
i n g  d e r i v a t i v e s  o f  N  o n t o  t h e  l e v e l  s e t s  o f  0  is  t h e  s a m e  a s  s o l v i n g  t h e  c o n s t r a i n e d  d i f f u s i o n  
e q u a t i o n  o n  N ^ , u s i n g  t h e  m e t h o d  o f  s o l v i n g  P D E s  o n  i m p l i c i t  m a n i f o l d s  d e s c r i b e d  b y  
[ 3 8 ] .  W e  w i l l  d i s c u s s  s e v e r a l  c h o i c e s  f o r  G  i n  S e c t i o n  6 .
2
k
5 . 3  S u r f a c e  r e f i t t i n g
W e  h a v e  s h o w n  h o w  t o  e v o l v e  t h e  n o r m a l s  t o  m i n i m i z e  f u n c t i o n s  o f  c u r v a t u r e ;  h o w e v e r ,  t h e  
f i n a l  g o a l  is  t o  p r o c e s s  t h e  s u r f a c e ,  w h i c h  r e q u i r e s  d e f o r m i n g  0 . T h e r e f o r e ,  t h e  n e x t  s t e p  is
t o  r e l a t e  t h e  d e f o r m a t i o n  o f  t h e  l e v e l  s e t s  o f  0  t o  t h e  e v o l u t i o n  o f  . S u p p o s e  t h a t  w e  a r e  
g i v e n  t h e  n o r m a l  m a p  N ^  t o  s o m e  s e t  o f  s u r f a c e s ,  b u t  n o t  n e c e s s a r i l y  l e v e l  s e t s  o f  0 — a s  is  
t h e  c a s e  i f  w e  f ilter  N ^  a n d  le t  0  l a g .  W e  c a n  m a n i p u l a t e  0  s o  t h a t  it fits t h e  n o r m a l  f i e l d  
N ^  b y  m i n i m i z i n g  a  p e n a l t y  f u n c t i o n  t h a t  q u a n t i f i e s  t h e  d i s c r e p a n c y .  T h i s  p e n a l t y  f u n c t i o n  
is




( 5 .9 )
w h e r e  U  C  I R 3  is  t h e  d o m a i n  o f  0 . T h e  first  v a r i a t i o n  o f  t h i s  p e n a l t y  f u n c t i o n  w i t h  r e s p e c t  
t o  0  is
d 0
0 j
N j j | V 0 | H 0  —  H
N
( 5 . 1 0 )
, 0m 0 m  /  j
w h e r e  H 0  is  t h e  m e a n  c u r v a t u r e  o f  t h e  l e v e l  s e t  s u r f a c e  a n d  H N  is  h a l f  t h e  d i v e r g e n c e  o f  t h e  
n o r m a l  m a p .  T h e n ,  t h e  g r a d i e n t  d e s c e n t  P D E  t h a t  m i n i m i z e s  ( 5 . 9 )  is  d 0 / d t  =  ^ d ^ / d 0 . 
T h u s  a c c o r d i n g  t o  ( 5 . 1 0 ) ,  t h e  s u r f a c e  m o v e s  a s  t h e  d i f f e r e n c e  b e t w e e n  its o w n  c u r v a t u r e  a n d  
t h a t  o f  t h e  n o r m a l  f i e l d .  T h e  f a c t o r  o f  || V 0  ||, w h i c h  is  t y p i c a l  w i t h  l e v e l  s e t  f o r m u l a t i o n s ,  
c o m e s  f r o m  t h e  f a c t  t h a t  w e  a r e  m a n i p u l a t i n g  t h e  s h a p e  o f  t h e  l e v e l  s e t , w h i c h  is  e m b e d d e d  
i n  0 , a s  i n  ( 5 . 2 ) .
T h e  g r a d i e n t  d e s c e n t  f o r  t h e  M A P  s u r f a c e  e s t i m a t o r  ( 3 .3 )  is  a  w e i g h t e d  s u m  o f  t h e  r e f i t t in g  
t e r m ,  w h i c h  w e  h a v e  d e r i v e d  i n  ( 5 . 1 0 ) ,  a n d  a  d a t a  t e r m .  T h e r e f o r e ,  t h e  f i n a l  u p d a t e  r u l e  f o r  
0  is
^  =  - f ( y ) N + a \ \ V 0 \ H 0 H N ( 5 . 1 1 )
w h e r e  a  is  a  f r e e  p a r a m e t e r  t h a t  d e t e r m i n e s  t h e  r e l a t i v e  w e i g h t  o f  t h e  p r i o r  t e r m  w i t h  r e s p e c t  
t o  t h e  d a t a  t e r m .  W e  w i l l  r e f e r  t o  a  a s  t h e  p r i o r  w e i g h t .
W e  c a n  n o w  p u t  t o g e t h e r  t h e  n o r m a l  p r o c e s s i n g  s t a g e  a n d  t h e  s u r f a c e  r e f i t t in g  s t a g e  to  
s o l v e  f o u r t h - o r d e r  l e v e l  s e t  f l o w s .  T h e  e n t i r e  p r o c e s s  is  d e p i c t e d  i n  F i g u r e  5 .2 . W e  h a v e  
d e r i v e d  a  g r a d i e n t  d e s c e n t  f o r  t h e  n o r m a l  m a p  t h a t  m i n i m i z e  t h e  s u r f a c e  e n e r g y  f u n c t i o n s  
p r o p o s e d  i n  S e c t i o n  5 . 2 . T h i s  p r o c e s s  is  d e n o t e d  i n  F i g u r e  5 . 2  a s  t h e  d N / d t  l o o p .  T h i s  l o o p  
i t e r a t e s  d N / d t  f o r  a  f i x e d  n u m b e r  [ 2 0 ] o f  a p p l i c a t i o n s  s o  t h a t  t h e  d i f f e r e n c e  b e t w e e n  0  a n d  
t h e  s u r f a c e  d e f i n e d  b y  t h e  n o r m a l s  r e m a i n  s m a l l .  T h e  s u r f a c e  f i t t in g  t o  t h e  t h e  c o m b i n e d  
n o r m a l  m a p  a n d  d a t a  t e r m s  is  f o r m u l a t e d  a s  a  g r a d i e n t  d e s c e n t  i n  ( 5 . 1 1 ) .  T h i s  p r o c e s s  is  
t h e  d 0  d t  l o o p  i n  F i g u r e  5 .2 . T h e  o v e r a l l  a l g o r i t h m  s h o w n  i n  F i g u r e  5 . 2  r e p e a t s  t h e s e  t w o  
s t e p s  t o  m i n i m i z e  t h e  p e n a l t y  f u n c t i o n s  i n  t e r m s  o f  t h e  s u r f a c e .  T h i s  m a i n  l o o p  i t e r a t e s  
u n t i l  t h e  R M S  c h a n g e  i n  0  a s  a  r e s u l t  o f  t h e  a p p l i c a t i o n  o f  d 0  d t  b e c o m e s  s m a l l  ( l e s s  
t h a n  1 0 “ ”6  i n  o u r  i m p l e m e n t a t i o n )  w h i c h  s i g n a l s  c o n v e r g e n c e .  D e t a i l s  o f  t h e  n u m e r i c a l  
i m p l e m e n t a t i o n  w i l l  b e  d i s c u s s e d  i n  A p p e n d i x  A .  I n  A p p e n d i x  B ,  w e  w i l l  s h o w  t h a t  t h e  
o v e r a l l  p r o c e s s  o f  s i m u l t a n e o u s l y  s o l v i n g  t h e s e  P D E s  a s  d e s c r i b e d  is  e q u i v a l e n t  t o  s o l v i n g  
t h e  o r i g i n a l  f o u r t h - o r d e r  P D E .
Range data
Figure 5.2: Flow chart
C h a p te r  6  
E x p e r im e n ts
I n  S e c t i o n  5 , w e  d e v e l o p e d  a  f r a m e w o r k  t h a t  a l l o w s  u s  t o  u s e  p r i o r s  t h a t  a r e  b a s e d  o n  h i g h -  
o r d e r ,  g e n e r a l  f u n c t i o n s  o f  c u r v a t u r e .  W e  n o w  e x p l o r e  t w o  s u c h  f u n c t i o n s  a n d  c o m p a r e  
t h e m  to  t h e  s u r f a c e  a r e a  p r i o r .  T o t a l  c u r v a t u r e  o f  a  s u r f a c e  a s  d e f i n e d  i n  ( 4 . 4 )  c a n  b e  
o b t a i n e d  i n  o u r  f o r m u l a t i o n  b y  c h o o s i n g  G  t o  b e  t h e  i d e n t i t y  f u n c t i o n ,  i . e . ,  G ( K 2 )  =  K 2 . 
T h e  d e r i v a t i v e  o f  G  w i t h  r e s p e c t  t o  K 2  is  g (  K 2 )  =  1 . W e  r e f e r  t o  t h i s  c h o i c e  o f  G  a s  
t h e  i s o t r o p i c  c u r v a t u r e  p r i o r  b e c a u s e  it c o r r e s p o n d s  t o  s o l v i n g  t h e  h e a t  e q u a t i o n  o n  t h e  
n o r m a l  m a p  w i t h  a  c o n s t a n t ,  s c a l a r  c o n d u c t i o n  c o e f f i c i e n t .  M i n i m i z i n g  t h e  t o t a l  c u r v a t u r e  
o f  a  s u r f a c e  w o r k s  w e l l  f o r  s m o o t h i n g  s u r f a c e s  a n d  e l i m i n a t i n g  n o i s e ,  b u t ,  l i k e  G a u s s i a n  
b l u r r i n g ,  it a l s o  d e f o r m s  o r  r e m o v e s  i m p o r t a n t  f e a t u r e s .
T h e  g e n e r a l i z a t i o n  o f  P & M  a n i s o t r o p i c  d i f f u s i o n  to  s u r f a c e s  is  a c h i e v e d  f r o m  v a r i a t i o n a l  
p r i n c i p l e s  b y  c h o o s i n g  t h e  a p p r o p r i a t e  f u n c t i o n  o f  t h e  s q u a r e d  c u r v a t u r e  i n  ( 5 .5 ) .  F o r  i n ­
s t a n c e ,
/ __*2_\ k2
G ( k 2 )  =  2 / i 2  (  1 — e  2m2 J , a n d  g ( K 2 )  =  e  2n 2 . ( 6 . 1 )
W e  n a m e  t h is  c h o i c e  o f  G ,  w h i c h  is  g r a p h e d  i n  F i g u r e  6 . 1 ( b ) ,  t h e  a n i s o t r o p i c  c u r v a t u r e  
p r i o r .  T h e  m i n i m i z a t i o n  o f  t h e  p e n a l t y  f u n c t i o n  i n  ( 5 . 8 )  w i t h  t h e  a n i s o t r o p i c  c u r v a t u r e  
p r i o r  g i v e s  a  v e c t o r - v a l u e d  a n i s o t r o p i c  d i f f u s i o n  o n  t h e  l e v e l  s e t  s u r f a c e — a  g e n e r a l i z a t i o n  
o f  P & M  d i f f u s i o n  t o  s u r f a c e s .  T h i s  f l o w  is  a  m o d i f i e d  v e r s i o n  o f  i n t r i n s i c  L a p l a c i a n  o f  m e a n  
c u r v a t u r e  f l o w  t h a t  p r e s e r v e s  o r  e n h a n c e s  a r e a s  o f  h i g h  c u r v a t u r e ,  w h i c h  w e  c a l l  c r e a s e s . 
C r e a s e s  a r e  t h e  g e n e r a l i z a t i o n  o f  e d g e s  i n  i m a g e s  t o  s u r f a c e s .  T h e  p r e s e r v a t i o n  o f  c r e a s e s  
is  a c h i e v e d  b y  t h e  flat  t a ils  o f  G ,  w h i c h  l i m i t s  t h e  p e n a l t y  o n  h i g h  c u r v a t u r e  a r e a s .  N o t e  
t h a t  1  i n  ( 6 . 1 )  w a s  f i x e d  a t  0 . 2  f o r  a ll  t h e  e x p e r i m e n t s  i n  t h i s  p a p e r .  U n l i k e ,  i n  P & M  i m a g e  
d i f f u s i o n ,  t h i s  p a r a m e t e r  d o e s  n o t  n e e d  t o  b e  c h a n g e d  f o r  d i f f e r e n t  s u r f a c e  r e c o n s t r u c t i o n s .  
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( a ) ( b )
F i g u r e  6 . 1 : ( a )  A  h e a v y  t a i l e d  G a u s s i a n  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n .  T h i s  f u n c t i o n  
c a n  b e  s c a l e d  t o  i n t e g r a t e  t o  1 b e c a u s e  i n  o u r  d i s c r e t e  i m p l e m e n t a t i o n  k  h a s  a  f in it e  u p p e r
b o u n d ,  ( b )  G r a p h  o f  G  =  2 / i 2  ^ 1  —  e  2^ 2 ^  v s . K  w i t h  f i  =  0 . 2 . G  is  a l s o  t h e  l o g a r i t h m  o f
( a ) .
0 0
o p t i m a l  c h o i c e  o f  1  is  i m a g e  d e p e n d e n t .  H o w e v e r ,  i n  s u r f a c e  r e c o n s t r u c t i o n ,  t h e  u n i t s  a r e  
i n  c u r v a t u r e ,  s e e  ( 6 . 1 ) ,  w h i c h  is  d a t a  i n d e p e n d e n t .  T h i s  m a k e s  it p o s s i b l e  t o  c h o o s e  a  1  
v a l u e  t h a t  g i v e s  c o n s i s t e n t  r e s u l t s  o v e r  a  b r o a d  r a n g e  o f  s u r f a c e s .
T h e  a n i s o t r o p i c  c u r v a t u r e  p r i o r  c a n  a l s o  b e  a n a l y z e d  f r o m  a  s t a t is t ic a l  p o i n t  o f  v i e w .  T y p i ­
c a l l y ,  r o b u s t  e s t i m a t o r s  u s e  h e a v y  t a i l e d  G a u s s i a n  p r o b a b i l i t y  d i s t r i b u t i o n s  s u c h  a s  t h e  o n e  
i l l u s t r a t e d  i n  F i g u r e  6 . 1 ( a ) .  S u c h  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n s  a s s i g n  n o n - z e r o  p r o b a ­
b i l it ie s  t o  o u t l i e r s ,  i n  o u r  c a s e  l a r g e  k  v a l u e s .  T h e  l o g a r i t h m  o f  t h e  h e a v y  t a i l e d  G a u s s i a n  
h a s  t h e  s a m e  f o r m  a s  t h e  a n i s o t r o p i c  G  w e  h a v e  c h o s e n .  I n  f a c t ,  u s i n g  t h e  G i b b s  d i s t r i b u t i o n  
( 4 . 1 ) ,  w e  c a n  s e e  t h a t  t h e  p r i o r  p r o b a b i l i t y  d i s t r i b u t i o n  a c h i e v e d  b y  G ( - )  is  p r o p o r t i o n a l  to  
P  =  e ~~G ^ . T h e  p a r a m e t e r  j l  i n  ( 6 . 1 )  c o n t r o l s  t h e  k  v a l u e s  f o r  w h i c h  G  a n d  P  f l a t t e n  o u t .
S e c t i o n  6 . 1  w i l l  p r e s e n t  a  d i s c u s s i o n  o f  t h e  q u a n t i t a t i v e  d i f f e r e n c e s  b e t w e e n  t h e  i s o t r o p i c  
a n d  a n i s o t r o p i c  c u r v a t u r e  p r i o r s  a n d  t h e  s u r f a c e  a r e a  p r i o r  u s i n g  s y n t h e t i c  d a t a  a s  g r o u n d  
t r u t h .  W e  w i l l  a l s o  i n v e s t i g a t e  t h e  e f f e c t s  o f  t h e  p r i o r  w e i g h t  o n  t h e  r e s u l t s .  S e c t i o n  6 . 2  w i l l  
p r e s e n t  s u r f a c e  r e c o n s t r u c t i o n  e x a m p l e s  f r o m  r e a l  d a t a  m e a s u r e d  b y  a  l a s e r  r a n g e  f i n d e r .
F i g u r e  6 . 2 : A  n o i s y  r a n g e  i m a g e  o f  a  s p h e r e  p l o t t e d  a s  a  d e p t h  m a p .
6 . 1  E x p e r i m e n t s  w i t h  s y n t h e t i c  d a t a
T h e  e x p e r i m e n t s  p r e s e n t e d  i n  t h is  s e c t i o n  u s e  g e o m e t r i c  s h a p e s  f o r  w h i c h  w e  c a n  c o n s t r u c t  
a n a l y t i c a l  d i s t a n c e  t r a n s f o r m s .  W e  u s e  t h e  f o l l o w i n g  e x p e r i m e n t  s e t u p :
1 . B u i l d  r a n g e  i m a g e s  f r o m  t h e  a n a l y t i c a l  d i s t a n c e  t r a n s f o r m  u s i n g  t h e  m o d e l  f o r  t h e  
l a s e r  r a n g e  f i n d e r  l o c a t e d  a t  s e v e r a l  p o s i t i o n s ,
2 . A d d  i n d e p e n d e n t  G a u s s i a n  n o i s e  t o  t h e  r a n g e  i m a g e s  t o  s i m u l a t e  m e a s u r e m e n t  n o i s e ,
3 . R e c o n s t r u c t  a  s u r f a c e  m o d e l  f r o m  t h e  n o i s y  r a n g e  i m a g e s ,  a n d
4 . C o m p a r e  t h e  r e s u l t i n g  s u r f a c e  m o d e l  t o  t h e  a n a l y t i c a l  s h a p e  b y  c o m p u t i n g  t h e  r o o t  
m e a n  s q u a r e  ( r m s )  g e o m e t r i c  d i s t a n c e  b e t w e e n  t h e  t w o  s u r f a c e s .
T h e  first  s h a p e  w e  e x a m i n e  is  a  s p h e r e  w i t h  r a d i u s  1 u n i t .  A l l  o t h e r  d i s t a n c e s  a r e  r e l a ­
t i v e  t o  t h is  m e a s u r e m e n t  u n i t .  F o r  t h i s  e x p e r i m e n t  w e  s i m u l a t e  s i x  r a n g e  f i n d e r s  l o c a t e d  
a t  a  d i s t a n c e  o f  3 . 5  u n i t s  f r o m  t h e  c e n t e r  o f  t h e  s p h e r e  a l o n g  t h e  s i x  c a r d i n a l  d i r e c t i o n s .  
I n d e p e n d e n t  G a u s s i a n  n o i s e  w i t h  a  s t a n d a r d  d e v i a t i o n  t h a t  is  1 0 %  o f  t h e  s p h e r e ’ s r a d i u s  
( 0 1  u n i t s ) ,  is  a d d e d  t o  e a c h  r a n g e  i m a g e .  O n e  o f  t h e  n o i s y  r a n g e  i m a g e s  is  s h o w n  i n  F i g ­
u r e  6 . 2  a s  a  d e p t h  m a p .  W e  r e c o n s t r u c t  s u r f a c e  m o d e l s  f r o m  t h e s e  n o i s y  r a n g e  i m a g e s  
u s i n g  t h e  t h r e e  p r i o r s  u n d e r  i n v e s t i g a t i o n  w i t h  a  r a n g e  o f  w e i g h t s ,  a . F o r  e a c h  c h o i c e ,  w e  
r u n  t h e  a l g o r i t h m  d e s c r i b e d  i n  S e c t i o n  5  u n t i l  it c o n v e r g e s .  W e  d e c i d e  t h a t  t h e  a l g o r i t h m  
h a s  c o n v e r g e d  w h e n  t h e  r m s  c h a n g e  i n  0  f o r  a n y  d 0  d t  i t e r a t i o n  f e l l  b e l o w  t h e  t h r e s h ­
o l d  1 . 0  x  1 0 "“ 6 . T h e n ,  w e  c a l c u l a t e  t h e  r m s  d i s t a n c e  b e t w e e n  t h e  o r i g i n a l  m o d e l  a n d  t h e  
r e c o n s t r u c t e d  m o d e l ;  d e n o t e  t h is  d i s t a n c e  b y  <§.
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—H—Anisotropic curvature
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Weight
F i g u r e  6 . 3 : R m s  g e o m e t r i c  d i s t a n c e  b e t w e e n  t h e  a n a l y t i c a l  s p h e r e  a n d  t h e  r e c o n s t r u c t e d  
s u r f a c e .
F i g u r e  6 . 3  p l o t s  &  a g a i n s t  t h e  l o g  a  f o r  t h e  d i f f e r e n t  p r i o r s  u n d e r  e x a m i n a t i o n .  T h e  u n i t s  
o n  t h e  y - a x i s  a r e  t h e  s a m e  a s  t h e  u n i t s  u s e d  t o  d e s c r i b e d  t h e  s i z e  o f  t h e  s h a p e .  It  c a n  b e  
o b s e r v e d  f r o m  F i g u r e  6 . 3  t h a t  t h e  l i m i t i n g  v a l u e  f o r  ^  a s  a  0  is  a p p r o x i m a t e l y  0 . 0 1 2 5 . 
T h i s  l i m i t  is  t h e  e r r o r  o b t a i n e d  i f  s u r f a c e  r e c o n s t r u c t i o n  is  p e r f o r m e d  w i t h o u t  a  p r i o r  ( r e l y ­
i n g  o n l y  o n  t h e  d a t a ) .  T h i s  e r r o r  l e v e l  is  s m a l l e r  t h a n  t h e  n o i s e  a d d e d  t o  t h e  r a n g e  i m a g e s  
b e c a u s e  o f  t h e  a v e r a g i n g  e f f e c t  o f  u s i n g  m u l t i p l e  r a n g e  i m a g e s .  T h e  a n i s o t r o p i c  a n d  t h e  
i s o t r o p i c  c u r v a t u r e  p r i o r s  a t  t h e i r  o p t i m a l  w e i g h t  p r o v i d e  a  7 5 %  r e d u c t i o n  o n  t h i s  e r r o r . 
O n  t h e  o t h e r  h a n d ,  s u r f a c e  a r e a  p r o v i d e s  s l i g h t l y  b e t t e r  t h a n  a  5 0 %  r e d u c t i o n  a t  its o p t i m a l  
w e i g h t .  T h e s e  b e s t  r e c o n s t r u c t i o n s  a r e  i l l u s t r a t e d  i n  F i g u r e  6 .4 . T h e  s h a p e s  o f  t h e  e r r o r  
p l o t s  is  m o r e  i m p o r t a n t  t h a n  t h e  r e s u l t s  a t  o p t i m a l  c h o i c e s  o f  w e i g h t .  T h e  p l o t  f o r  t h e  s u r ­
f a c e  a r e a  p r i o r  d i p s  d o w n  s h a r p l y  a r o u n d  a  1 w h i c h  i n d i c a t e s  a  s m a l l  r a n g e  o f  u s e f u l  
w e i g h t s  f o r  t h i s  p r i o r .  T h e  s u r f a c e  a r e a  p r i o r  p e r f o r m s  e s p e c i a l l y  p o o r l y  a s  a  is  i n c r e a s e d  
b e y o n d  1 ; t h i s  is  d u e  t o  t h e  f a c t  t h a t  t h e  s u r f a c e  a r e a  p r i o r  c a u s e s  s h r i n k a g e  i n  t h e  s u r ­
f a c e  m o d e l s .  I n  p r a c t i c e ,  t h i s  w i l l  m e a n  d i f f i c u l t i e s  f o r  t h e  u s e r  i n  c h o o s i n g  a  w e i g h t  t h a t  
w o r k s  d i f f e r e n t  r e c o n s t r u c t i o n  s c e n a r i o s .  I n  c o n t r a s t ,  b o t h  o f  t h e  h i g h e r - o r d e r  p r i o r s  h a v e  
r e l a t i v e l y  flat  e r r o r  p l o t s  b e c a u s e  t h e i r  l i m i t i n g  b e h a v i o r s  m a t c h  t h e  m o d e l  i n  t h i s  e x a m ­
p l e .  L a p l a c i a n  o f  m e a n  c u r v a t u r e  f l o w  h a s  b e e n  s h o w n  t o  d e f o r m  s u r f a c e s  t o  s p h e r e s  [ 3 5 ] . 
I s o t r o p i c  c u r v a t u r e  r e c o n s t r u c t i o n  is  a s  g o o d  a s  t h e  a n i s o t r o p i c  c u r v a t u r e  r e c o n s t r u c t i o n  
b e c a u s e  t h e  s p h e r e  d o e s  n o t  c o n t a i n  c r e a s e s .
T o  e x a m i n e  t h e  d i f f e r e n c e s  b e t w e e n  t h e  p r i o r s  f u r t h e r ,  w e  e x p e r i m e n t  w i t h  a  c u b e  a n d  a n ­
o t h e r  p i e c e w i s e  p l a n a r  s h a p e  w h i c h  w e  w i l l  n a m e  “ 3 d - c r o s s ” . I n  t h e s e  e x p e r i m e n t s ,  w e  
u s e d  8  r a n g e  f i n d e r  l o c a t i o n s  ( o n e  i n  e a c h  o c t a n t ) .  F i g u r e  6 . 6  ( a )  a n d  ( b )  s h o w  t h e  o r i g i ­
n a l  c u b e  w i t h  s i d e s  1 u n i t  l o n g ,  a n d  t h e  s u r f a c e  i n i t i a l i z a t i o n  f r o m  t h e  n o i s y  r a n g e  i m a g e s ,  
r e s p e c t i v e l y .  I n d e p e n d e n t  G a u s s i a n  n o i s e  w i t h  s t a n d a r d  d e v i a t i o n  0 1  w a s  a d d e d  t o  t h e  s i m ­
u l a t e d  d a t a  t o  c r e a t e  t h e  n o i s y  r a n g e  i m a g e s .  T h e  r e s u l t s  ( s e e  F i g u r e  6 . 6 )  w i t h  t h e  s u r f a c e
( a )  ( b )  ( c )  ( d )  ( e )
F i g u r e  6 .4 : ( a )  A n a l y t i c a l  s p h e r e ,  ( b )  s u r f a c e  m o d e l  i n i t i a l i z a t i o n  f r o m  n o i s y  d a t a .  R e s u l t ­
i n g  s u r f a c e  m o d e l  f o r  t h e  ( c )  s u r f a c e  a r e a  p r i o r  w i t h  a  =  1 , ( d )  t h e  i s o t r o p i c  c u r v a t u r e  p r i o r  
w i t h  a  =  5 , a n d  ( e )  t h e  a n i s o t r o p i c  c u r v a t u r e  p r i o r  w i t h  a  =  1 0 .
Weight Weight
( a )  ( b )
F i g u r e  6 . 5 : R m s  g e o m e t r i c  d i s t a n c e  b e t w e e n  t h e  r e c o n s t r u c t e d  s u r f a c e  a n d  t h e  a n a l y t i c a l  
m o d e l s  f o r  ( a )  t h e  c u b e ,  a n d  ( b )  t h e  “ 3 d - c r o s s ” .
a r e a  a n d  i s o t r o p i c  c u r v a t u r e  p r i o r s  a r e  n o i s i e r  a n d  w i t h  r o u n d e d  c o r n e r s  c o m p a r e d  t o  t h e  
s u c c e s s f u l l y  d e n o i s e d ,  a p p r o x i m a t e l y  p i e c e w i s e  p l a n a r  r e s u l t s  o b t a i n e d  w i t h  t h e  a n i s o t r o p i c  
c u r v a t u r e  r e c o n s t r u c t i o n .  T h e  l a s t  e x a m p l e ,  s h o w n  i n  F i g u r e  6 .7 ( a ) ,  a m p l i f i e s  t h e  d i f f e r ­
e n c e s  o b s e r v e d  w i t h  t h e  c u b e  e x p e r i m e n t .  I t  is  n o t  p o s s i b l e  t o  d e n o i s e  t h e  s u r f a c e  w i t h o u t  
c a u s i n g  s e v e r e  d i s t o r t i o n  to  t h e  s h a p e  w i t h  t h e  o t h e r  p r i o r s .  A n i s o t r o p i c  c u r v a t u r e  r e c o n ­
s t r u c t i o n  d o e s  n o t  s u f f e r  f r o m  t h i s  t r a d e - o f f  b e t w e e n  s m o o t h i n g  a n d  d i s t o r t i o n .  It  p r o v i d e s  a  
v e r y  g o o d  ( d e n o i s e d  a n d  r e l a t i v e l y  u n d i s t o r t e d )  r e c o n s t r u c t i o n  a c r o s s  a  r a n g e  o f  v a l u e s  f o r  
t h e  p r i o r  w e i g h t  ( s e e  F i g u r e  6 .7 ( g )  a n d  ( h ) ) .  T h e  e r r o r  p l o t s  f o r  t h e  c u b e  a n d  t h e  “ 3 d - c r o s s ”  
s h o w n  i n  F i g u r e  6 . 5  c o n f i r m  t h a t  t h e  a n i s o t r o p i c  c u r v a t u r e  r e c o n s t r u c t i o n  e r r o r  f l a t t e n s  o u t  
a s  a  i n c r e a s e s  b e y o n d  its o p t i m a l  v a l u e .
( a )  ( b )  ( c )  ( d )  ( e )
F i g u r e  6 . 6 : ( a )  A n a l y t i c a l  c u b e ,  ( b )  s u r f a c e  m o d e l  i n i t i a l i z a t i o n  f r o m  n o i s y  d a t a .  R e s u l t i n g  
s u r f a c e  m o d e l  f o r  ( c )  t h e  s u r f a c e  a r e a  p r i o r  w i t h  a  =  1 , ( d )  t h e  i s o t r o p i c  c u r v a t u r e  p r i o r
w i t h  a  =  1 , a n d  ( e )  t h e  a n i s o t r o p i c  c u r v a t u r e  p r i o r  w i t h  a  =  1 0 .
( e ) ( f ) ( g ) ( h )
F i g u r e  6 .7 : ( a )  A n a l y t i c a l  “ 3 d - c r o s s ” , ( b )  s u r f a c e  m o d e l  i n i t i a l i z a t i o n  f r o m  n o i s y  d a t a .  
R e s u l t i n g  s u r f a c e  m o d e l  f o r  t h e  s u r f a c e  a r e a  p r i o r  w i t h  ( c )  a l p h a  =  1 a n d  ( d )  a  =  1 0 . F o r  
t h e  i s o t r o p i c  c u r v a t u r e  p r i o r  w i t h  ( e )  a  =  1 a n d  ( f )  a  =  1 0 . F o r  t h e  a n i s o t r o p i c  c u r v a t u r e  
p r i o r  w i t h  ( g )  a  =  1 0  a n d  ( h )  a  =  1 0 0 .
( a ) ( b )
F i g u r e  6 . 8 : ( a )  O n e  o f  t h e  r a n g e  i m a g e s  u s e d  i n  t h e  s u r f a c e  r e c o n s t r u c t i o n  e x p e r i m e n t ,  ( b )  
s u r f a c e  i n i t i a l i z a t i o n .
6 . 2  S u r f a c e  r e c o n s t r u c t i o n  f r o m  m e a s u r e d  r a n g e  d a t a
I n  t h i s  s e c t i o n ,  w e  w i l l  i n v e s t i g a t e  t h e s e  s u r f a c e  p r i o r s  i n  t h e  c o n t e x t  o f  t h e  r e c o n s t r u c t i o n  
o f  a n  o f f i c e  s c e n e  s h o w n  i n  F i g u r e  6 . 8 . T h i s  e x a m p l e  i n v o l v e s  1 2  r a n g e  s c a n s  o f  a  r o o m  
w h i c h  w e r e  r e g i s t e r e d  u s i n g  t h e  m e t h o d s  d e s c r i b e d  i n  [ 1 8 ] .  O n e  o f  t h e s e  1 2  r a n g e  i m a g e s  
is  s h o w n  i n  F i g u r e  6 . 8 ( a ) .  T h e  m o d e l  i n i t i a l i z a t i o n  is  s h o w n  i n  F i g u r e  6 . 8 ( b ) .  I n  a d d i t i o n  t o  
m e a s u r e m e n t  n o i s e ,  t h i s  i n i t i a l i z a t i o n  c o n t a i n s  a r t i f a c t s  s u c h  a s  t h e  m u l t i p l e  d i s c o n n e c t e d  
p i e c e s  i n  t h e  u p p e r  r i g h t  c o r n e r .  F i g u r e  6 . 9  i l l u s t r a t e s  t h e  r e s u l t s  o b t a i n e d  w i t h  t h e  s u r f a c e  
a r e a ,  i s o t r o p i c  a n d  a n i s o t r o p i c  c u r v a t u r e  p r i o r s .  A s  i n  S e c t i o n  6 . 1 , w e  le t  t h e  a l g o r i t h m s  r u n  
u n t i l  c o n v e r g e n c e .  T h e  p r i o r  t e r m  w e i g h t s  w e r e  c h o s e n  a f t e r  e x p e r i m e n t i n g  w i t h  d i f f e r e n t  
v a l u e s  a n d  p i c k i n g  t h o s e  t h a t  p r o d u c e d  t h e  q u a l i t a t i v e l y  b e s t  r e s u l t s .  T h e  r e s u l t s  w i t h  t h e  
a n i s o t r o p i c  c u r v a t u r e  p r i o r  r e m a i n s  t r u e  t o  t h e  a c t u a l  s u r f a c e  w h i l e  e l i m i n a t i n g  n o i s e .  O n  
t h e  o t h e r  h a n d ,  t h e  r e s u l t s  w i t h  t h e  s u r f a c e  a r e a  p r i o r  t h a t  p r o d u c e  a  c o m p a r a b l e  a m o u n t  o f  
d e n o i s i n g  d e m o n s t r a t e  s h a p e  d i s t o r t i o n  s u c h  a s  t h e  b r e a k i n g  o f  t h e  a r m s  o f  t h e  c h a i r s  a n d  
t h e  r o u n d i n g  o f  t h e  c r e a s e s  o n  t h e  d e s k  a n d  c o m p u t e r  e q u i p m e n t .  T h e  i s o t r o p i c  c u r v a t u r e  
p r i o r  d o e s  n o t  c a u s e  a n y  s e v e r e  s h a p e  d i s t o r t i o n s ,  b u t  it s m o o t h e s  e d g e s ,  c r e a s e s  a n d  c o r n e r s  
a s  e x p e c t e d .  T h i s  e x p e r i m e n t  i l l u s t r a t e s  t h e  i m p o r t a n c e  o f  t h e  a n i s o t r o p i c  c u r v a t u r e  p r i o r  
i n  r e c o n s t r u c t i o n s  i n v o l v i n g  s c e n e s  w i t h  h i g h  c u r v a t u r e  f e a t u r e s  a n d  s h a r p  c r e a s e s .
F i g u r e  6 . 1 0  d e m o n s t r a t e s  t h e  r o b u s t n e s s  o f  t h e  d i f f e r e n t  p r i o r s  b y  a  c l o s e  u p  e x a m i n a t i o n  
o f  a  p o r t i o n  o f  t h e  s c e n e .  F i g u r e  6 . 1 0  ( a )  a n d  ( b )  a r e  t h e  i n i t i a l i z a t i o n  a n d  t h e  v i s i b l e  
i m a g e r y  f o r  o n e  o f  t h e  c h a i r s  i n  t h e  s c e n e .  F i g u r e  6 . 1 0  ( c ) ,  ( e )  a n d  ( g )  i l l u s t r a t e  t h e  r e s u l t s
o b t a i n e d  b y  q u a l i t a t i v e l y  c h o o s i n g  g o o d  v a l u e s  f o r  a .  F i g u r e  6 . 1 0 ( d ) ,  ( f )  a n d  ( h )  i l l u s t r a t e  
t h e  r e s u l t s  i f  a  is  c h o s e n  t o  b e  1 0  t i m e s  t h is  v a l u e .  T h e s e  r e s u l t s  s h o w  t h a t  t h e  a n i s o t r o p i c  
c u r v a t u r e  is  l e a s t  s e n s i t i v e  to  t h e  c h o i c e  o f  t h e  p r i o r  w e i g h t .  A n o t h e r  w e l l  k n o w n  p r o b l e m  
w i t h  m e a n  c u r v a t u r e  f l o w  a n d  i n  o u r  c a s e  t h e  s u r f a c e  a r e a  p r i o r  c a n  e a s i l y  b e  o b s e r v e d  
i n  F i g u r e  6 . 1 0 ( d ) ;  t h e  b e a m  c o n n e c t i n g  t h e  b a s e  t o  t h e  s e a t  is  b e i n g  p i n c h e d - o f f .  F i n a l l y ,  
F i g u r e  6 . 1 1  i l l u s t r a t e s  t h e  r e c o n s t r u c t i o n  o f  a  t a n k  w i t h  t h e  a n i s o t r o p i c  c u r v a t u r e  p r i o r .  T h i s  
r e c o n s t r u c t i o n  u s e d  1 2  r a n g e  i m a g e s .
F i g u r e  6 .9 : R e s u l t s  w i t h  ( a )  s u r f a c e  a r e a ,  ( b )  i s o t r o p i c  c u r v a t u r e  a n d  ( c )  a n i s o t r o p i c  c u r v a ­
t u r e  p r i o r s .
( a )  ( b )  ( c )  ( d )
( e )  ( f )  ( g )  ( h )
F i g u r e  6 . 1 0 : ( a )  I n i t i a l  s u r f a c e  m o d e l  f o r  c h a i r ,  ( b )  a  v i s i b l e  l i g h t  i m a g e  o f  t h e  c h a i r  t a k e n  
f r o m  a  s i m i l a r  p o i n t  o f  v i e w .  R e s u l t s  f o r  t h e  s u r f a c e  a r e a  p r i o r  w i t h  w e i g h t s  ( c )  1 , a n d  ( d )  
1 0 . R e s u l t s  f o r  t h e  i s o t r o p i c  c u r v a t u r e  p r i o r  w i t h  w e i g h t s  ( e )  1 , a n d  ( f )  1 0 . R e s u l t s  f o r  t h e  
a n i s o t r o p i c  c u r v a t u r e  p r i o r  w i t h  w e i g h t s  ( g )  1 , a n d  ( h )  1 0 .
F i g u r e  6 . 1 1 : R e c o n s t r u c t i o n  o f  a  t a n k  ( w i t h  t h e  a n i s o t r o p i c  c u r v a t u r e  p r i o r )  f r o m  r a n g e  
d a t a .
Chapter 7
C o n clu sio n
A n i s o t r o p i c  d i f f u s i o n  a n d  i m a g e  r e c o n s t r u c t i o n  t e c h n i q u e s  b a s e d  o n  r o b u s t  m e t r i c s  h a v e  
b e e n  s h o w n  t o  b e  v e r y  u s e f u l  t o o l s  i n  i m a g e  p r o c e s s i n g .  W e  g e n e r a l i z e  t h e s e  m e t h o d s  
t o  s u r f a c e  r e c o n s t r u c t i o n  v i a  m i n i m i z i n g  a  g e n e r a l  f a m i l y  o f  p e n a l t y  f u n c t i o n s  o f  c u r v a ­
t u r e .  I s o t r o p i c  a n d  a n i s o t r o p i c  t o t a l  c u r v a t u r e  o f  a  s u r f a c e  a r e  m e m b e r s  o f  t h i s  f a m i l y .  A n  
a n i s o t r o p i c  c u r v a t u r e  p e n a l t y  l e a d s  t o  a  s u r f a c e  r e c o n s t r u c t i o n  p r i o r  t h a t  p r e s e r v e s  c r e a s e s  
w h i l e  d e n o i s i n g  t h e  i n p u t .  T h i s  p r o c e s s  is  s h o w n  t o  h a v e  i m p o r t a n t  q u a n t i t a t i v e  a n d  q u a l ­
i t a t iv e  a d v a n t a g e s  o v e r  u s i n g  a  s u r f a c e  a r e a  p r i o r .  B e c a u s e ,  t h e  d a t a  t e r m  c a n  b e  c h o s e n  
i n d e p e n d e n t l y  f r o m  t h e  p r i o r ,  t h e  i d e a s  i n t r o d u c e d  i n  t h is  p a p e r  c a n  b e  a p p l i e d  t o  o t h e r  
f o r m s  o f  s u r f a c e  r e c o n s t r u c t i o n  s u c h  a s  a p p l i c a t i o n s  i n  t o m o g r a p h y .
T h e  m i n i m i z a t i o n  o f  t h e s e  s e c o n d - o r d e r  p e n a l t y  f u n c t i o n s  r e q u i r e  s o l v i n g  f o u r t h - o r d e r  
P D E s  o n  l e v e l  s e t s .  O u r  a p p r o a c h  is  b a s e d  o n  t h e  p r o p o s i t i o n  t h a t  t h e  n a t u r a l  g e n e r a l i z a ­
t i o n  o f  i m a g e  p r o c e s s i n g  t o  s u r f a c e s  o c c u r s  v i a  t h e  n o r m a l s .  V a r i a t i o n a l  p r o c e s s e s  o n  t h e  
s u r f a c e  h a v e  c o r r e s p o n d i n g  v a r i a t i o n a l  f o r m u l a t i o n s  o n  t h e  s u r f a c e  n o r m a l s .  T h i s  f o r m u l a ­
t i o n  l e a d s  to  a  strict  g e n e r a l i z a t i o n  o f  P & M  a n i s o t r o p i c  d i f f u s i o n  t o  s u r f a c e s .  N o r m a l s  a r e  
p r o c e s s e d  s e p a r a t e l y  f r o m  t h e  s u r f a c e .  W e  u s e  a  m e t r i c  o n  t h e  s u r f a c e  m a n i f o l d ,  r a t h e r  t h a n  
a  s i m p l e ,  flat  m e t r i c .  B y  p r o c e s s i n g  t h e  n o r m a l s  s e p a r a t e l y  f r o m  t h e  s u r f a c e ,  w e  c a n  s o l v e  
a  p a i r  o f  c o u p l e d  s e c o n d - o r d e r  e q u a t i o n s  i n s t e a d  o f  a  f o u r t h - o r d e r  e q u a t i o n .  T y p i c a l l y ,  w e  
a l l o w  o n e  e q u a t i o n  ( t h e  s u r f a c e )  t o  l a g  t h e  o t h e r .  T h i s  m e t h o d  is  n u m e r i c a l l y  m o r e  s t a b l e  
a n d  c o m p u t a t i o n a l l y  l e s s  e x p e n s i v e  t h a n  s o l v i n g  t h e  f o u r t h - o r d e r  P D E  d i r e c t l y .  W e  s o l v e  
t h e s e  e q u a t i o n s  u s i n g  i m p l i c i t  s u r f a c e s ,  r e p r e s e n t i n g  t h e  i m p l i c i t  f u n c t i o n  o n  a  d i s c r e t e  g r i d ,  
m o d e l i n g  t h e  d e f o r m a t i o n  w i t h  t h e  m e t h o d  o f  l e v e l  s e t s . B e c a u s e  o f  t h e  i m p l e m e n t a t i o n ,  
t h e  m e t h o d  a p p l i e s  e q u a l l y  w e l l  t o  s u r f a c e s  t h a t  c a n  b e  r e p r e s e n t e d  i n  a  v o l u m e .
T h e  m a i n  s h o r t c o m i n g  o f  t h is  m e t h o d  is  t h e  c o m p u t a t i o n  t i m e ,  w h i c h  is  s i g n i f i c a n t .  H o w ­
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e v e r ,  t h e  c u r r e n t  p r o c e s s  l e n d s  i t s e l f  t o  p a r a l l e l i s m .  T h e  a d v e n t  o f  c h e a p ,  s p e c i a l i z e d ,  
s t r e a m - p r o c e s s i n g  h a r d w a r e  p r o m i s e s  s i g n i f i c a n t l y  f a s t e r  i m p l e m e n t a t i o n s  t h a t  t a k e  a d v a n ­
t a g e  o f  t h e  t h e  i n h e r e n t  p a r a l l e l i s m  i n  t h e  p r o c e s s  [ 3 9 ] .  A n o t h e r  p o s s i b i l i t y  is  t o  u s e  m u l t i ­
t h r e a d i n g  o r  c l u s t e r s  o f  c o m p u t e r s .  R e g a r d i n g  t h e  a l g o r i t h m  i t s e l f ,  t h e  u s e  o f  a d a p t i v e  o r  
m u l t i - r e s o l u t i o n  l e v e l  s e t  s t r a t e g ie s  c o u l d  a l s o  i m p r o v e  t h e  p r o c e s s i n g  t i m e .
A ppendix A  
N um erical Im plem entation
By embedding surface models in volumes, we convert equations that describe the move­
ment of surface points to nonlinear PDEs defined on a volume. The next step is to discretize 
these PDEs in space and time. The embedding function 0  is defined on the volume domain 
U and time. The PDEs are solved using a discrete sampling with forward differences along 
the time axis. There are two issues with discretization: (i) the accuracy and stability of 
the numerical solutions, (ii) the increase in computational complexity introduced by the 
dimensionality of the domain.
For brevity, we will discuss the numerical implementation in 2D— the extension to 3D is 
straightforward. The function 0  : U n- IR has a discrete sampling 0 [ p , q ] , where \p,q] is a 
grid location and 0[p,q]  =  0 (xp , yq) . We will refer to a specific time instance of this func­
tion with superscripts, i.e. 0 n[p,q} =  0 (xp , yq,tn) . For a vector in 2-space v, we use v ^  
and v ^  to refer to its components consistent with the notation of Section 4. In our calcula­
tions, we need three different approximations to first-order derivatives: forward, backward 
and central differences. We denote the type of discrete difference using superscripts on a 
difference operator, i.e., 8 +) for forward differences, for backward differences, and 
8 for central differences. For instance, the differences in the x-direction on a discrete grid 
with unit spacing are
8x 0 p  q 0 p  1 q 0 p  q
81~) 0 [p,q] =  0 [p,q] - 0 p - 1  q], and (A.1)
8x0[P ,q] ±  ^  +
where the time superscript has been left off for conciseness. The application of these dif-
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ference operators to vector-valued functions denotes componentwise differentiation.
The positions of derivatives computed with forward and backward differences are staggered 
off the grid by 1/2 pixels. For instance, (  [p,q] as defined in (A.1) uses information 
from positions [p +  1, q] and \p,q] with equal weights; hence, it exists at [p +  1 /2  q]. This 
is staggered by 1 2 pixels in the x direction from the grid. To keep track of staggered
x+ y+
locations, we will use the following notation: a , a , and a  will denote the variable a  
computed at p  q , p  1 2 q , and p  q 1 2 , respectively.
The initialization (  n^it is obtained by methods discussed in [17]. In describing the nu­
merical implementation, we will follow the flow chart in Figure 5.2 for the n’th iteration of 
the main loop. First, compute the normal vectors from ( n as unit vectors in the direction of 
the gradient of ( n. The gradient of ( n is computed with central differences as
€ i p , q ] « (  ( a 2 )  
and the normal vectors are initialized as
N fi) 0\p,q] =  ( ? \ p , q ] /  II ( n [p,q} \ \ -  (A.3)
Because ( n is fixed and allowed to lag behind the evolution of , the time steps in the 
evolution of N ^  are denoted with a different superscript, u. For this evolution, d N ^ / d t  =  
—d & / d N ^ , given by (5.8), is implemented with smallest support area operators. The 
Laplacian of a function can be applied in two steps, first the gradient and then the diver­
gence. In 2D, the gradient of the normals produces a 2 x 2 matrix, and the divergence 
operator in (5.8) collapses this to a 2 1 vector. The diffusion of the normal vectors in 
the tangent plane of the level sets of n, requires us to compute the flux in the x and y  
directions. The “columns” of the flux matrix are independently computed as
M U  S f N U L - C ? .  (S M  r )  , K i *  S(+)N f „ - 4  ( n)  (A.4)£(i)~ sx vsx (  )  ’ M(0~ sy N i
where the time index n remains fixed as we increment u , and
x y
x+ x+ ( n y+ y+ (n,^1/ -» -r1! > I 1^! -» -r1! > I
c ? , T r t  , CSv-ABv, (AS)r(i)j
m  n n
Staggered derivatives are computed with forward differences. They are located on a grid 
that is offset from the grid where (  and N ^  are defined, as shown Figure A.1 for the 2D 
case. Furthermore, because the offset is a half pixel only in the direction of the differenti­
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Figure A.1: Computation grid
flux in (A.4). To evaluate (A.5), derivatives of 0  and N ^  must computed at [p +  1/2, q] and 
[p,q +  1 /2 . These computations are done with the smallest support area operators, using 
the symmetric 2 x 3  grid of samples around each staggered point, as shown in Figure A.1 
with the heavy rectangle. For instance, the gradient of 0  staggered in the x-direction is
0r-
4 + p q
\ ( d y 0 [ p 1q] +  5y0 [ p + l 1q]
(A.6)
The staggered gradients of the normals are computed in the same way as (A.6).
Backward differences of the flux are used to compute the divergence operation in (5.8)
d<s
dN,(OJ
4 - >  M i  + S<-> M |) (A.7)
To evaluate (5.8), we also need to compute g(K2) at the precise locations where the flux 
(A.4) are located. For this, we need the squared intrinsic curvature
x+
2K -N^ -N^ x ■ Cju cju(i)j Ni)j C (ir(i )  ’
y+
K2 y y  N u N u
y y
Cju cju
(0j (0j (0 (i













Notice that these backward differences are defined at the original 0  grid location [p,q] 
because they undo the forward staggering in the flux locations. Thus, both components of 
d ^ /d N ^  are located on the original grid for 0. Using the tangential projection operator in 
(5.8), the new set of normal vectors are computed as
N " d&  '
u
+sSuNil ' d&  '
u
( ' i<S '
K o j { k u J % )  N o
(A.10)
Starting with the initialization in (A.3) for u =  0, we iterate (A.10) for a fixed number 
of steps, 25 iterations for the examples in this paper. In other words, we do not aim at 
minimizing the energy given in (5.6) in the d ^  jd N  loop of Figure 5.2; we only reduce it.
Once the evolution of N  is concluded, 0  is refitted to the modified normal vectors and the 
range data term according to (5.11). Using the main loop index, we denote the evolved 
normals by N n+ ! (see Figure 5.2. To solve (5.11) we calculate H 0 and H N'n+1. The latter 
is the induced mean curvature of the normal map, in other words, it is the curvature of the 
hypothetical target surface that fits the normal map. Calculation of curvature from a field 
of normals is given by
H,Nn+1 n 1y ’ (A.11)
where we have used central differences on the components of the normal vectors. This 
needs to be computed once at initialization as the normal vectors remain fixed during the 
refitting phase. Let v be the time step index in the d ^ / d 0  loop. H 0v is the mean curvature 
of the moving level set surface at time step v and is calculated from 0 v with the smallest 
area of support
8j+0H  0v 8 x+ x+ s i - ^y y+ y+ ’ (A.12)
0j 0j
where the gradients in the denominators are staggered to match the locations of the for­
ward differences in the numerator. The staggered gradients of 0  in the denominator are 
calculated using the 2x3 neighborhood as in (A.6).
The PDE in (5.11) is solved with a finite forward differences, but with the upwind scheme 
for the gradient magnitude, to avoid overshooting and maintain stability [40]. The upwind 
method computes a one-sided derivative that looks in the upwind direction of the moving 
wave front, and thereby avoids overshooting. Moreover, because we are interested in only a 
single level set of 0, solving (5.11) over all of U is not necessary. Different level sets evolve 
independently, and we can compute the evolution of 0  only in a narrow band around the 
level set of interest and re-initialize this band as necessary [41, 42]. See [43] for more 
details on numerical schemes and efficient solutions for level set methods. A discussion of
u
the solution to the data term in (5.11) is beyond the scope of this paper and can be found in 
[17, 18].
Using the upwind scheme and narrow band methods, 0 v+1 is computed from 0 v according 
to (5.10) using the curvatures computed in (A.11) and (A.12). This loop is iterated until the 
energy in (5.9) ceases to decrease; let vfinal denote the final iteration of this loop. Then we 
set 0  for the next iteration of the main loop (see Figure 5.2) as 0 n+1 =  0 vfinal and repeat the 
entire procedure until convergence. Convergence properties of the proposed methods were 
discussed in Section 6.
A ppendix B
Intrinsic L aplacian  o f M ean C urvature  
Flow
In this section, we will show that the overall process of simultaneously solving the two 
PDEs (5.8) with G(K2) =  K2 and (5.10) is equivalent to the fourth-order intrinsic Laplacian 
of mean curvature flow [29] on the original surface. Using this result, we can state that 
solving (5.8) with G(K2) =  K2 and (5.11), which is a weighted sum of (5.10) and a data 
term, in the same manner is equivalent to using total curvature (4.4) as the prior in surface 
reconstruction. This establishes the mathematical foundation of the proposed method.
Lets analyze one iteration of the main loop in Fig. 5.2. Before processing the normals, 
they are derived from (j)n, and we have N". =  0 f / y E v o l v i n g  the normal map once 
according to (5.8) for a small amount of time d t gives





W d N w
dt (B.1)
If we immediately apply (5.10) to fit 0  to this new normal map
d




Because N n^  is derived directly from 0 n, we have N n^ i =  




H0, which gives the expression
(B.3)
We can express the penalty function in terms of either N ^  or (  , and take the first variation 
with respect to either of these quantities. The relationship between d ^  jd N ^  and d & f d (  







where T$ =  t N as dt  —>• 0. Here we have assumed that (  is a signed distance function;IJ J
therefore 1 ( k \\= 1. In our level set implementation, (  is maintained as an approximation 
to the signed distance transform. The update on (  after it lags N ^  by some small amount 
is actually
<a5)
which is a gradient descent, of the level sets of ( ,  on ^ — the total curvature of the surface.
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